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Abstract. We construct a canonical correspondence from a wide class of reproduc- 
ing kernels on Banach vector bundles to linear connections on these bundles. The 
linear connection in question is obtained through a pull-back operation involving the 
tautological universal bundle and the classifying morphism of the kernel. In this way 
the aforementioned correspondence turns out to be a functor between categories of 
kernels and linear connections. A number of examples of linear connections including 
the ones associated to classical kernels, homogeneous reproducing kernels and kernels 
occurring in the dilation theory for completely positive maps are given, together with 
their covariant derivatives. 
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1. Introduction 

The present paper deals with the differential geometric background of the notion of 
reproducing kernel. We show that, under mild assumptions, to every reproducing kernel 
on an infinite-dimensional Hermitian-like vector bundle there corresponds a linear connec- 
tion on that bundle, and this correspondence sets up a functor between suitably defined 
categories of reproducing kernels and linear connections, respectively. This functor also 
turns out to be canonical in some sense. In the case of a tautological vector bundle over 
a Grassmann manifold, the well-known universal connection corresponds to the so-called 
universal reproducing kernel that we pointed out in the earlier paper [B Gllj . We also 
discuss a number of specific examples including the classical Hardy and Bergman ker- 
nels and others on infinite-dimensional manifolds. Let us mention that in the present 
paper we only show how to define the linear connection induced by a reproducing kernel 
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and study the very basic properties of the correspondence between these two types of 
objects. Questions like the compatibility of such connections with complex structures or 
C*-Hermitian structures will be addressed in a forthcoming paper. 

The circle of ideas approached here is motivated by the interest in understanding 
certain physical models ([Od88 , Od92j) as well as the geometric models for certain 
representations of unitary groups of C*-algebras; see for instance |BG08] . |BG09j or 
[Nel2] . These models of Borel-Weil type were constructed by using suitable reproducing 
kernels on homogeneous vector bundles and a rich panel of differential geometric features 
of operator algebras turned out on this occasion. The ideas were developed in a categorial 
framework in |BG11] . where the geometric features of reproducing kernels have been 
reinforced in relation with the geometry of tautological vector bundles taken as universal 
objects. We were thus naturally led to investigating the differential geometric features of 
reproducing kernels. 

Before proceeding to a more detailed presentation of the contents of the present paper, 
we wish to emphasize that the reproducing kernels are known to play a crucial role in 
the representation theory of finite-dimensional Lie groups. The geometric significance of 
such kernels had been pointed out for instance in [BH981 and [NeOOj . and more recently, 
in the very fine paper Hi08j . 

In Section [2] wc provide some auxiliary properties of connections on bundles modeled 
on Banach manifolds and we emphasize the operation of pull-back, which plays a key role 
throughout this paper. Section [3] is devoted to the reductive structures in the framework 
of Banach-Lie groups. We briefly discuss here the linear connections induced by the reduc- 
tive structures and we then present some examples that arise in the theory of C*-algebras 
and have a paramount importance in producing geometric realizations for representations 
of certain Banach-Lie groups. The reproducing kernels on Banach vector bundles that 
we deal with in this paper are discussed in Section [4] and an essential enhancement of a 
universality property from [BGllj is established (Theorem 14. 7|) . Our main constructions 
of linear connections out of reproducing kernels are presented in Section [5l We compute 
their covariant derivative in terms of the input reproducing kernel (Theorem 15. 3|) . and 
we also study their functorial properties (Theorem I5.4[) . And finally, Section [5] points 
out a panel of examples of reproducing kernels to which our methods apply, for instance 
the usual type of operator- valued reproducing kernels, including the classical reproducing 
kernels of Hardy or Bergmann type, the homogeneous reproducing kernels that we earlier 
used in the geometric representation theory of Banach-Lie groups, or the kernels that 
occur in the dilation theory of completely positive maps on C*-algebras. The analysis 
of the linear connections associated with other specific reproducing kernels and their ap- 
plications to some representations of semisimple Lie groups in function spaces, incuding 
in particular holomorphic discrete series representations, will be carried out in another 
forthcoming paper. 

2. Preliminaries on linear connections and their pullbacks 

2.1. Connections on fiber bundles. Throughout this section we are using |KM97) as 
the main reference for Banach fiber bundles and connections on them; see also [LaOl] . 

Definition 2.1. Let p : M — > Z a fiber bundle and consider both vector bundle structures 
of the tangent space TM: 

• tm ■ TM — > M, the tangent bundle of the total space M. 

• T(p: TM -» TZ, the tangent map of p. 

A connection on the bundle (p : M — > Z is a smooth map $ : TM — > TM with the following 
properties: 
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(i) $ o $ = $; 

(ii) the pair ($, idju) is an endomorphism of the bundle tm ■ TM — > M; 
(hi) for every x G M, if we denote $> x :— ^\t x m'- T x M — > T X M, then we have 
Ran (& x ) — Ker (T x ip), so that we get an exact sequence 

->■ H X M T X M ^> T X M ^ T^Z -> 0. 

Here H X M := Ker ("I^) is a closed linear subspace of T X M called the space of horizontal 
vectors at x G Af. Similarly, the space of vertical vectors at x G M is V X M := Ker (T x ip). 
Then we have the direct sum decomposition T X M — H X M © V X M, for every x £ M (cf. 
[KM971 subsect. 37.2]). 

We consider in this paper two special types of connections. 

(1) If ip: M —¥ Z is a principal bundle with structure group G acting to the right on 
M by 

(x,g) i-> n g {x) = n(x,g), M X G -> M 

then a connection $ on y> : M — ¥ Z is called principal whenever it is G-equi variant, 
that is, 

T(JM B ) O $ = $ o T(JM B ) 

for all g G G (cf. [KM971 subsect. 37.19]). 

(2) Hep: M — > Z is a vector bundle then a connection $ on </j : M — > Z is called linear 
if the pair ($,idrz) is an endomorphism of the vector bundle Ty>: TAf — > TZ 
(i.e., if $ is linear on the fibers of the bundle Tip); see |KM97l subsect. 37.27]. 

We are interested in particular in vector bundles constructed out of principal ones. Recall 
how they appear: Let 7r : V — > Z be a principal Banach bundle with the structure Banach- 
Lie group G and the action (i:PxG-)?. Assume that p: G — > B(E) is a smooth 
representation of G by linear operators on a Banach space E, and denote by 

[(p,e)] H-tt(p), n:fl=Px G E4Z 

the associated vector bundle (see [Bo67] and [KM971 subsect. 37.12]). Here P Xg E 
denotes the quotient of V x E with respect to the equivalence relation defined by 

(Vg G G) (p, e) ~ fafa g), p{g- l )e) =: fl(g)(p, e) 

whenever (p, e) G V x E, and we denote by [(p, e)] the equivalence class of any pair (p, e). 

In this way, II: ? x^E- >Zisa vector G-bundle; that is, a vector bundle n: D — » Z 
endowed with a smooth left action /I : Gxfl-yfl that maps every fiber of D onto itself 
and is fiberwise linear. 

Remark 2.2. Every connection on a principal bundle 7r induces a linear connection on 
any vector bundle associated to tt. This is shown for example in (KM97 : 

For a Banach-Lie group G the tangent manifold TG is endowed with structure of a 
semidirect product of groups TG = G XAd G defined by the adjoint action of G on its 
Banach-Lie algebra g, so that the multiplication in TG is given by 

(g 1 ,X 1 )(g 2 ,X 2 ) = {g 1 g 2 ,Ad G (g 2 : 1 )X 1 +X 2 ), ( 9l ,g 2 G G;X 1 ,X 2 G fl); 

see [KM97I Cor. 38.10]. 

Let us now assume that tt : V — > Z is a principal bundle with structure group G under 
the action p: PxG->P. Then the tangent bundle Ttt: TV — > TZ is a principal bundle 
with structure group TG = G x A d G and right action Tp : TV x TG — > TT 5 , see [KM97[ 
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Cor. 37.18]. Let p: G — > B(E) be a smooth representation as formerly. Then its tangent 
map Tp can be viewed as the smooth representation Tp: G x Ad G — > £>(E E) given by 

(a X) i ^ (Pti) \( 1 0\ _ / p(g) 

where the resulting matrix is to be understood as acting on vectors of E E written in 
column form. 

Using the representation Tp, the tangent bundle td : TD — ► D corresponding to the 
vector bundle II: D = V xq F, ^ Z can be described as the vector bundle td ■ TD = 
TV x GXAdGtJ (E®E)-)J) = Px G E, associated to the principal bundle TV -> TZ, 
defined by 

r D : [(v p , (/, h))] ^ [(p, /)] (v p = (p, v) e TV; f,he E). 

Suppose now that $ is a principal connection on the principal bundle ir: V — > Z. For 
v = (x, v x ) £ TD, g € G and X e 0, we have that (g, X) =T\{g- )X in TG, and 

T g p(x ■ )T x p(g ■ )X = T x p{x ■ g, -)X. 

Moreover, the fundamental vector field T\p[x ■ g, -)X defined by X at x ■ g belongs to 
the vertical subbundle of TV (see |KM97| Cor. 37.18]), whence <f>(Tip(x ■ g,-)X) = 
Tip{x ■ g,-)X. 

Then the mapping $ x iAte ■ TV x TE — > TV x TE is TG-equivariant and, moreover, 
for every f,h& E, one gets 

($ x idr^Tpiv,^ ■ )X,Tp{g,X)- 1 ){I,h)), 

= ($(7>0r, OTHg ■ )X + Tp g {v x )), Tp(g, X)~\f, h)) 

= (MTip(x-g, ■ )X) + ^>(Tp g (v x ),Tp(g,X)- 1 )(f,h)) 

- [Trpix-g, ■ )X + Tp g {^{v x )),Tp{g,X)- 1 ){.f,h)). 

This implies that $ x idrE factorizes through a map i>: T(V x G E) — >• T(V x G E) = 
TV x TG TE, i. e., 

TV x TE ' i ' xidTE > TV x TE 



TVx TG TE, — ?— > TVx TG TE 

This map $ is by definition the induced connection, by on T(7 : ' x G E). See pCM97, 
subsect. 37.24]. 

For specific purposes it is often useful to be able to compute the covariant derivative 
associated with a linear connection on a vector bundle. We now briefly recall the relevant 
notions (as in |Vi67] ) and we then provide a proposition that we will need in the specific 
computations to be carried out in the final section of the present paper. 

Let II : D — > Z be a vector bundle endowed with a linear connection $ : TD — > TD. Let 
VD = Ker (TIT) (C TD) be the vertical subbundle of the tangent bundle t d :TD^ D. 

A useful description of VD can be obtained by considering the fibered product D x D := 

z 

{{xi,X2) E D x D | II(a;i) = 11(2:2)} along with the natural maps ry.DxD — > D, 

Tj[x\,X2) = Xj for j = 1,2. Define for every (£1,2:2) € D x D the path c XljX2 : R — > _D, 

Cxi,x 2 (£) — x i + ^ x 2- Then it is easily seen that we have a well-defined diffeomorphism 
e : D x £) — > V-D, e(a;i, 2:2) = c Xli2 ; 2 (0) € T Xl D, which is in fact an isomorphism between 
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the vector bundles ri : D X D — > D and td\vd ■ VD — > D. We then get a natural mapping 

z 

r := T2 o e _1 : VD — > D and the pair (r,H) is a homomorphism of vector bundles from 
t d \vd- VD -)• D to n: D -> Z. 

Next let f2 1 (Z, D) the space of locally defined smooth differential 1-forms on Z with 
values in the bundle H: D —> Z, which is to say the set of smooth mappings r\: T^ 1 (Z rj ) — > 
D, where Z n is a suitable open subset of Z, such that for every z £ Z v we have a 
bounded linear operator r/ z :— t)\t s z' T z Z — > D z = ip (z). (So the pair (77, idz) is a 
homomorphism of vector bundles from the tangent bundle tu\z„ to the bundle II.) For 
the sake of simplicity we actually omit the subscript rj in Z v , as if the forms were always 
defined throughout Z; in fact, the algebraic operations are performed on the intersections 
of the domains, and so on. Similarly, we let £l°(Z, D) be the space of locally defined 
smooth sections of the vector bundle II. 

Definition 2.3. The covariant derivative associated with the linear connection $ is 
the linear mapping V: Q°(Z,D) -> Q 1 (Z,D), defined for every a £ tt a {Z,D) by the 
composition 

Va:TZ ^TD^VD^D 
that is, Vfi = (r o $) o To. (The composition r o $ is the so-called connection map.) 

Proposition 2.4. Let II: D — > Z and II: D ^ Z be vector bundles endowed with the 
linear connections $ and <5>, with the corresponding covariant derivatives V and V, re- 
spectively. Assume that = (<5, £) is a homomorphism of vector bundles from II into II 
such that TS o $ = $ o TS. If a £ Q (Z, D) and £ Q°(Z, D) such that 5 o a = a o (, 
then S o Vcr = Vct o T£. 

Proof. First let r : VD — > D and r: VD — > D be the natural mappings and note that 

5or = roT5. (2.1) 
In order to see why this equality holds true we need the mapping 8x8: D x D — » D x D 

given by (8 x (5)(xi,X2) = (^(xi), #(2:2)), which is well defined since IIo<5 = Coll. Since 8 

z 

is fiberwise linear, it follows that with the notation of Definition 12.31 we have 8 o c Xl ^ X2 — 
Cs(xi),S(x 2 ) '■ H D for all (x\, X2) £ D x D. By taking the velocity vectors at £ R for 

these paths we get TS o e = eo (8 x 8): Dx D -> TL>. Therefore o TS = (8 x 8) o e^ 1 

z z z 

and then, by using the obvious equality F2 o (5 x S) — 8 o r 2 : -D x D — > Z?, we get 

z z 

r o TS — r 2 o s^ 1 o TS = r-> o (8 x 8) o e -1 = 8 o T2 o e -1 = <5 o r 

z 

hence ()2.1ll holds true. 

We now come back to the proof of the assertion. By using (|2.ip and the equality 
Wo$ = $oWwe get 

io(ro$)=foHo$=(fo$)oTO. (2.2) 
On the other hand we have 8 o a = a o (, and therefore TS o To — To o T£. We then get 

Vct o T( = (ro <S>)oTooT(=(¥o$)oTSoTo = 5o(ro(£>)oTo = SoVo 
where the next-to-last equality follows by (|2.1j) . and this completes the proof. □ 
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2.2. Pull-backs of connections. Pull-backs of connections on various types of finite- 
dimensional bundles have been studied in several papers; see for instance |NR61j . |NR63j . 
Lc68 , [Sch80 , PR86 . We now establish a result that belongs to this circle of ideas and 
is appropriate for the applications we want to make in infinite dimensions. 
First we need the following lemma. 

Lemma 2.5. Let T: £ — > £ be a continuous (anti-)linear operator between two Banach 
spaces £ and £. Let us assume that there are two closed linear subspaces J- C £ and 
J- d £ such that: 

(i) the operator T induces an (anti-) isomorphism T\jr: T — > T ; 

(ii) RanP = T , for some projection P: £ — > £. 

Then there exists a unique projection P G End {£) such that RanP = J- and the diagram 

£ — £ 



£ — ±— > £ 

is commutative. 

Proof. Existence: Define 

P := (TIjt)- 1 o PoT G End(£) (2.3) 

It is clear that RanP and moreover P\jr = idjr, hence PoP = P. Then the commutativity 
of the diagram is satisfied by the construction of P. 

Uniqueness: Assume that Pi G End (£) is another operator satisfying the properties 
of the statement. Then for arbitrary x G £ we have 

T(P lX ) = PTx = T(Px). 

Since P\x, Px € T and T\jr : T — > T is an isomorphism, it then follows that P\x — Px. 
Thus P\= P and we are done. □ 

Proposition 2.6. Let (p: M — > Z and tp: M — > Z be fiber bundles modeled on Banach 
spaces, and let = (d, £) be a bundle homomorphism, that is, the diagram 



M - 


M 


'1 




Z - 


z 



is commutative and both 8 and C are smooth. In addition, assume that for every s G Z the 
mapping S induces a diffeomorphism of the fiber M s := tp~ 1 ({s}) over the fiber M^r s \ := 

? '(CO*))- _ 

Then for every connection $ on the bundle Lp: M Z there exists a unique connection 
$ on the bundle tp: M —> Z such that the diagram 

TM TS > TM 



TM TS > TM 

is commutative. 

Moreover, if both ip: M — > Z and <p>: M — > Z are principal (vector) bundles, the pair 
= (S, Q is a homomorphism of principal bundles ( or of vector bundles, and in this case 
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5 can be linear) bundles, and & is a principal (linear or antilinear) connection, then so 
is $. 

Proof. We have for every x £ M the continuous operator T x 8: T X M — > Ts( x )M (which is 
either linear or antilinear), and also the relations T X {M V ( X \) = V x T X M and 

Ts( x ){M^( v ( x ))) = Ts(x)(M$(s(x))) = Vs(x)M T S ( X )M. 

Since <5|A/ n(x) : Mn(j) — > M^(n(x)) is a diffeomorphism by hypothesis, it thus follows that 

the operator T X S induces a (anti-)linear isomorphism V X M — > Vs( x )M. Now Lemma [231 
applies and it follows that there exists a unique idempotent operator & x : T X M T X M 
such that Ran = V X M and (T X S) o $ x = $5(3;) o (T^). In fact it is defined by 

^ := CMv^m)" 1 o o T x <5 [x £ M). 

If we put together the operators <& x with x £ M, we get the map $ : TM — > TM we were 
looking for. What still remains to be done is to check that <f> is smooth. Since this is a 
local property, we may assume that both bundles II and II are trivial. Let S and S be 
their typical fibers, respectively. Then M = ZxS and M = Z x S, hence TM = TM x TS 
and TM = TZ x TS. The fact that is a connection means that for every (z, k) £ Z x S 
we have an idempotent operator $f%%\ on T?Z x T-^S with Ran^-^ = {0} x T-^S. 

Moreover, we have the smooth map 8: Z x S ^> Z x S ior which there exists a smooth 
map d : Z x S — > S such that 

S(z,k) = (((z),d(z,k)), (z£Z,k£S). 

The hypothesis that S is a fiberwise diffeomorphism is equivalent to the fact that for every 
z £ Z we have the diffeomorphism d(z, ■ ) : S — »• S. It follows by (|2.3p that, for arbitrary 
(z,k) £ Z xS, 

= T k (d{z, ■ o $ a( , ifc) o T ( ^ fe) <5 € End(T z Z x T fc S) 

which clearly shows that <f> : x TS — > x T5 1 is smooth. (Note that the smoothness 
of the mapping (z, k) h-> Tk(d(z, ■ is ensured by the fact that we are working with 
Banach manifolds.) 

The remainder of the proof is straightforward. □ 

Definition 2.7. In the setting of Proposition 12.61 we say that the connection <E> is the 
pull-back of the connection <3> and we denote <f> = 0*($). 

Corollary 2.8. Letli: D — >• Z and IT: D — s- Z be vector bundles. Assume that = (S,Q 
is a homomorphism of vector bundles from LI into LI such that for every s £ Z the mapping 
S induces an isomorphism of the fiber D s := ip^ 1 ({s}) over the fiber D^r s \ := </5 _1 (£(s)). 
Consider any linear connection <E> on the vector bundle LI and its pull-back $ = 0*($) on 
the vector bundle H, with the corresponding covariant derivatives V and V, respectively. 
If we have a £ Cl°(Z, D) and a £ QP(Z, D) such that Soa = <jo(, then So Vct = VaoTC,. 

Proof. Use Propositions 12.61 and 12.41 □ 

3. Reductive structures for Banach-Lie groups 

In this section we introduce the abstract notion and example which, as inherent in 
universal bundles, will enable us in Section [5] to define connections associated with repro- 
ducing kernels on general vector bundles. 
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3.1. Linear connections induced by reductive structures. We first make the def- 
inition of the reductive structures we are interested in. Several versions of this notion 
showed up in the literature of differential geometry in infinite dimensions; see for instance 
[MR92] . |ACS95j . |CG99j . and the references therein. 

Definition 3.1. A reductive structure is a triple [Ga,Gb] E) where Ga is a (real or 
complex) Banach-Lie group with Lie algebra qa, Gb is a Banach-Lie subgroup of Ga 
with Lie algebra qb, and E: qa — > Qa is a continuous linear map with the following 
properties: E o E = E; Ran_E = qb] and for every g G Gb the diagram 

Ad GA (s) 

Sa : > 9a 



Adc A (g) 
Ba > QA 

is commutative. 

A morphism of reductive structures from (Ga,Gb~, E) to (Ga,Gb~, E) is a homomor- 
phism of Banach-Lie groups a: Ga — > Ga such that q(Gb) C Gb and the diagram 

da 

QA > 9A 

4 [' 

da — 
BA > QA 

is commutative. For instance, a family of automorphisms of any reductive structure 
(Ga,Gb',E) is provided by a g : x H> gxg^ 1 , Ga — > Ga {g G Gb)- 

We will see in Theorem l3 . 2l below that if p is a uniformly continuous representation from 
Gb on a Hilbert space Us, then any reductive structure for Ga and Gb as above gives rise 
to a connection on the homogeneous vector bundle D — Ga 'XGb'H-b Ga/Gb induced 
by p. In order to make the statement, we first note that, on account of Remark 12.21 the 
tangent bundle tjj : TD — > D can be described as the mapping 

t d : [G A XAd GA 9a) *(G B x AdGgBB ) {Kb® Kb) -> G A x Gb U b 

given by [((g,X),(f,h))}^ [(gj)}. 

Theorem 3.2. Let (G a ,Gb, E) be a reductive structure and let us also assume that 
p: Gb -> B(Hb) is a uniformly continuous representation. Then the homogeneous vector 
bundle II: D = Ga Xg b Hb ~> Ga/Gb has a linear connection $e ■ TD — > TD given by 

[((g,X),(f,h))} ^ [((g,E(X)),(f,h))] = [((g,0),(f,dp(E(X))f + h))}. 

Proof. First we check that the equality in the image of $ holds. Take an arbitrary element 
(u,Y) e G B x Ad GB Qb- Since 

dp(Y) = p(u- 1 )dp{kd GB {u)Y)p{u), 

it follows from the matrix expression of Tp(u,Y) collected in Remark 12.21 that 



Tp^xr 1 = 



piu- 1 ) 



-piu-^dpiAdc^Y) piu- 1 ), 
for every u 6 Gb and Y E Qb- Hence, if (g,X) £ Ga x Ad G/1 Qa we have 
(g, E{X)) ■ (u, Y) = (g u, Ad Gfi (u^EiX) + Y) 

and 

Tp(u, Y)- 1 ■ (/, h) = (piu- 1 )/, -piu-^dpiAdGs (u)Y)f + p{ U - l )h). 
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Then the equality of equivalence classes in the definition of $b follows just taking u = 1b 
and Y = -E(X). 

Analogously, it is not difficult to check that the mapping <&e is well defined. In effect, 
for (g, X) and (u, Y) as above we have 

((g u, EiAdiu-^X) + Y), {Tp){u, Y)~ 1 (f, h)) 

= ((g u, Adiu-^EiX) + Y), {Tp){u, Y)-\f, h)) 

= ((g,E(X))-(u,Y),(Tp)(u,Y)- 1 (f,h)) 

~((a,E(X)),(f,h)), 

where we have used in the first equality property (3) of Definition 13.11 

The fact that $ is smooth follows since (g, X, f, h) H> (g, E(X), /, h) is a smooth map 
on G a x Qa x T~Lb x Hb, and the corresponding quotient map 

(G A x q a ) x (H B x Kb) -> (G A x Ad Qa) x (GB x AdBB ) (H B ®n B ) =TD 

is a submersion (see e.g., |KM97( Th. 37.12]). 

Finally, the connection properties are readily checked. □ 

Definition 3.3. The connection constructed in Theorem 13 . 2 1 will be called the linear 
connection induced by the reductive structure (Ga,Gb', E). 

Remark 3.4. In the definition of the connection &e, the expression 

$ E ([((g,X),(f,h))]) = [((9,E(X))df,h))} 

reflects the fact that $e is a linear connection on the bundle II: Ga 'XGb'H-b — > Ga/Gb 
induced by the principal connection E on the principal bundle Ga Ga/Gb- Comple- 
mcntarily, the presentation 

<t> E ([(( 5 , X), (/, h))}) = [((g, 0), (/, dp(E(X))f + h))} 

emphasizes on the fact that the range of the connection $ e lies in the vertical subbundle 
oiT{G A x Gfl H B ). 

We will now show that the reductive structures and pullbacks of connections are 
compatible, in the sense that connections induced by reductive structures are invari- 
ant under the pullback action. Specifically, let a : Ga — > Ga be a morphism of re- 
ductive structures from (Ga,Gb,E) to (Ga,Gb, E), and let ps ■ Gb — > B(Hb) a uni- 
formly continuous representation. Define the representation ps '■— Pb ° ct\c B ■ Thus we 
can construct the homogeneous vector bundles II: D = Ga *g b He ~> Ga/Gb and 
II: D — Ga x g b ^ b ^ Ga/Gb carrying the linear connections $e and respectively, 
which are induced by the corresponding reductive structures (see Definition I3.3[) . 

Proposition 3.5. In the above setting, if we define 

C: gG B a(g)G B) G A /G B -> G A /G B 

and 

S: [(<?,/)] i ^ [(a(g),f)], G A x Gb H b -> Ga *q b H B , 
then the pair = (5,0 * s a niorphism of the bundle H into H and 0*(<I>^) = <& E - 
Proof. The tangent map T5 : TD — > TD is given by 

TS: [((g,X),(f,h))]^[((a(g),da(X)),(f,h))], TD^TD. 
Therefore, by Definition 13.21 we get 

((TS) o <Z> E )([((g, X), (/, h))]) = TS ([((g, E(X)), (/, h))}) 
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= [((a(g),da(E(X))),(f,h))} 

= [((a(g),E(da(X))),(f,h))] 

= $ s ([((a(g),da(X)),(f,h))]) 

= @ s oT5)([((g,X),(f,h))]), 

for every g £ G a , X £ Qa , f,h £ Hb, where the third equality follows since a is a 
morphism of reductive structures. Thus 0*(Qg) = &e by Definition 12.71 □ 

In the following remark we sketch a method for computing the covariant derivative for 
the linear connection induced by a reductive structure in the particular case when the 
construction of the homogeneous vector bundle involves the restriction of a representation 
of the larger group. This computation in the finite-dimensional situation can be found 
in |BR90] . In the special case when Ga is the group of invertible elements of some asso- 
ciative Banach algebra, the Maurer-Cartan form introduced below was also constructed 
in [MR921 subsect. 3.1]. 

Remark 3.6. Let (Ga,Gb', E) be a reductive structure and denote m = KerE 1 , so that 
Qa = Qb + m and Ad GA (G B )m = m. 

(1) There exists a natural isomorphism of vector bundles T(Ga/Gb) — Ga*g b m ( see f° r 
instance the proof of |BG08| Cor. 5.5]), where the latter homogeneous bundle is defined 
by using the adjoint action of Gb on m. It follows that the function 

P- Ga x g b m ~* Qa, 0{[(g,X)]) = Ad GA (g)X 

can be thought of as a 0,4-valued differential 1-form f3 £ ^(Ga/GbjQa), to be called 
the Maurer-Cartan form of the reductive structure under consideration. This vector- 
valued differential form essentially comes from an embedding of the tangent vector bundle 
T(Ga/Gb) into the trivial vector bundle (Ga/Gb) x 0a over Ga/Gb- Specifically, we 
have T(Ga/Gb) — Ga x G B m ^ @A X G B Qa and also the G^-equivariant trivialization 
of vector bundles G A x Gb q a ^ {G A /G B ) x g A , [(g,X)] ^ (gG B ,Ad GA (g)X). 

(2) A similar trivialization can be set up for any homogeneous vector bundle whose con- 
struction involves the restriction of a representation of the larger group. More precisely, 
if p: Ga — > 13(E) is a uniformly continuous representation on some Banach space E, then 
we have the (inverse to each other) isomorphisms of vector bundles over Ga/Gb, 

G a x Gb E~(G a /G b )xE 

given by [(<7,u)] *-> (gGs, p(g)v) and (gGB,v) >-> [(g, p(g)~ 1 v)}, respectively. Since there 
exist one-to-one correspondences between the smooth E-valued functions or differential 
forms on Ga/Gb and the sections or differential forms with values in the trivial vector 
bundle (Ga/Gb) X E — > Ga/Gb, we can use the above isomorphisms of vector bundles 
in order to define the covariant derivative of E- valued functions 

V:C oo (G^/G B) E)^0 1 (G A /G B ,E) (3.1) 

by means of the covariant derivative induced by the reductive structure (Ga, Gb', E). 

(3) For every / £ C°°(Ga/Gb,E) we denote by (dpop).f £ Q 1 (G A /G B ,'E) the differential 
form defined for every z £ Ga/Gb and X £ T z (Ga/Gb) by 

((dpo f3).f)(X) = (dp((3 z (X)))(f(z)), 

where (3 Z := P\t z (g a /g b ) '■ T Z (G A /G B ) ->■ Q a and dp: q a -> B(E) is the derived rep- 
resentation. The method of proof of |BR90[ Prop. 1.1], which extends directly to the 
present infinite-dimensional case (see also |KM971 Th. 37.23(9) and Th. 37.30-31]), leads 
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to the following conclusion. If p: Ga — > B(E) is a representation as above, then the 
covariant derivative (|3.1|) can be computed for every / £ C°°(Ga/Gb,E) by the formula 
V/ = df - (dp o p).f, that is, 

(Vf)([(g,X)}) = (df)([(g,X)}) - p(g)dp(X)p(g)- 1 f(gG B ) 

for all g £ Ga and X £ m, which follows by also using the expression of j3 given in item (1) 
above and the fact that dp(AdG A (g)X) = p(g)dp(X)p(g)~ 1 for all g £ Ga, X £ qa- 

3.2. Some reductive structures related to C*-algebras. Next we give some key 
examples of reductive structures and morphisms between them. 

Example 3.7. Lie group representations. 

Let (Ga,Gb' : E) be a reductive structure and let pa - Ga — > B(Ha) be a uniformly 
continuous representation such that pa\g b has a non-trivial invariant closed subspace 
Hb Q Ha- Denote ps(g) '■= PA(g)\u B I0r every g £ Gb and define 

Ga = GL(H J 4), the linear group of invertible operators on Ha', 

Gb = GL(Ha) l~l {p}', the subgroup of GL (Ha) formed by the operators commuting 
with the orthogonal projection p on Hb', 

E : qa — B(H A ) -> Bb = B(H A ) n {p}', where for X £ B(H A ) we take E(X) = 
P Xp+(l-p)X(l-p). 

If we assume that E o dp a = dps ° E then the mapping pa '■ Ga — > Ga is a morphism 
of reductive structures from (Ga, Gb',E) to (Ga, Gb',E). 

Notice that if pa is unitary the example also works taking Ga = V(Ha), the unitary 
group on H A , Gb = V(H A ) H {p}'. In this case, g A = {X £ B(H A ) ■ X* = -X} and 
Q B = {X £ B(H A ) :X* = -X and pX = Xp}. 

Example 3.8. Conditional expectations on C* -algebras. 

Let A and B be two unital C*-algebras, with B a C*-subalgebra of A, for which there 
exists a conditional expectation E: A —> B. This means that E is a linear projection on 
A with Ran E = B and norm one. By Tomiyama's theorem we have moreover that 

E(b ia b 2 ) - b x E(a)b 2 , (a £ A; b u b 2 £ B), 

and additionally E(1a) = 1b(= 1/0- Let Ga denote for A £ {A, B} the Banach-Lie 
group of invertibles in A endowed with its norm topology. Then the Lie algebra of Ga 
is gA = A, with the element X of gA obtained by derivation of the path e tx at t = 0. 
Since in this C* case we have that Ad(g)a = gag -1 for every g £ Ga and a € A, the 
expectation E satisfies the conditions of Definition 13. 1[ so that (Ga, Gb,E) is a reductive 
structure. 

If for two triples (A,B;E), (A,B;E) as above there is a bounded homomorphism 
(j>: A — » A satisfying cj> o E = E o </> then a := 4>\g a defines a morphism between the 
reductive structures (Ga,Gb,E) and (G^,Gg,E). 

Example 3.9. Completely positive maps. 

Let A, Ho be a unital G*-algebra and a complex Hilbert space, respectively. A unital 
linear mapping ^ : A — > B(Ho) is said to be completely positive if 

:= * ® id Mn(c) : M n (A) = A ® M n (C) -> M n (B(H )) 

is positive for all n > 1. It is well known that every conditional expectation is a completely 
positive map. 

By the Stinespring procedure, for a given completely positive map ^: A — > B(Ho), 
there are a Hilbert space H, an isometry V: H — > Ho and a unital *-representation of 
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C*-algebras A: A — > B(H), which is induced by the left multiplication in A, such that 

#(a) = V*X(a)V (a <= A). 

Then the representation A is called a Stinespring dilation or representation associated 
with "J. Details can be found for instance in [Pa02 . 

Assume that there is a conditional expectation E: A — > A, with B := E(A), such that 
* o E = In |BG08j . it is proven that if a A : A -> 5(7^) and er B : B -> B(Kb) are the 
minimal Stinespring representations associated with ^ and ^Is, respectively, as above 
then C Ha (and the orthogonal projection P : Ha — > ~Hb is induced by E: A — > B in 
the Stinespring construction). Thus we get the connection on the homogeneous bundle 
Ga Xg b -> Ga/Gb yielded by E as in Definition 13.31 

Example 3.10. Universal bundles. 

Let W be a complex Hilbert space. For short, put Q = GL(H) and U — XJ(H). The 
Grassmannian manifold of H is the set Gr(%) := {S \ S closed linear subspace of H}. 
It is well known that it has a structure of complex Banach manifold (see also |DG01j ). 
The set T(H) := {(S,x) £ Gr(H) x H \ x £ S} C Gr(H) x "H is also a complex Banach 
manifold, and the mapping IT^ : (<S, x) >-» S, T(H) — > Gr("H) is a holomorphic Hermitian 
vector bundle on which Q and U act holomorphically (non-transitively on the base Gr(%) 
if dim-H = oo) through the inclusion Q <-t B(H); see |Up85[ Ex. 3.11 and 6.20]. We 
call 11-^ the universal (tautological) vector bundle associated with the Hilbert space H. 
A canonical connection can be defined on that bundle, which relies on the preceding 
examples. To see this, let us consider the connected components of Gr("H). 

For every S £ Gr(H) we denote by ps : H — > S the corresponding orthogonal projec- 
tion. Take Sq £ Gr('H) and put p := p$ a . Let Gr5 ("H) denote the orbit of Sq in Gr("H) 
under the collineation action by Q. The orbit Gr s {T~l) coincides with the unitary orbit 
of iSo and with the connected component of Sq in Gr("H), so it is given by 

Gr So {H) := {gS | g £ Q} = {uS \u£U} 

= {S £ Gr(Ji) | dim S = dimSo and dimS^ = dim Sq} 

~u/(xj(s ) x xj(s L ))=u/u( P ) ~ g/g(\p\), 

where U(jp) := {u £ U \ uS = S } and G(\p\) ■= {g £ Q \ gS = S }. (See for instance 
|Up85] Prop. 23.1] or [BGQ91 Lemma 4.3].) 

Set Ts (H) := {(<S, x) £ T(H) \ S £ Grg (H)}. The universal vector bundle at Sq is 
the vector bundle Hh,S ■ Ts (H) — > Grs (%) obtained by restriction of 11^ to Ts a (H). It 
is also Hermitian and holomorphic. The maps Q Xg([p])«So ^ [(<?, x )} ^ {gSo^gx) £ Ts (^H) 
and U X-u{p) $0 9 [(u, x)] H> (uSq,ux) £ 7s ('H) induce biholomorphic diffeomorphisms 
between Hu,S : Ts (H) -> Gi s (H) and the vector bundles Q Xg([p\) S a — > Q/Q(\p]) and 
U x u{p) S a -> U/U(j>), respectively See [BG091 Prop. 4.5]. 

On the other hand, the mapping 

E p : X ^ E p (X) := pXp + (1 - p)X(l - p), B(H) -> {p}', 

where {p}' is the commutant subspace of p in B(H), is a conditional expectation, as it is its 
restriction E p : u{H) -> {p}'nu(H) to the Banach-Lie algebra u(H) := {X £ B{H) : X* = 
—X} olli. Thus, applying Theorem 13.21 to the reductive structure (U,U(p); E p \ u ru))> we 
get defined component by component the following canonical connection on the universal 
bundle T(H) -> Gr(H). 



Definition 3.11. In the framework of Example l3.101 the universal connection on the tau- 
tological bundle Il nt s a ■ T So (H) -> Gr So (H) is the mapping $ 5o : T(T Sa {%)) -> T{T Sa (H)) 
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given by 

[((u,X),(x,y))] ^ [((u,E p (X)),(x,y))] = [((«, 0), (x, E p (X)x + y))}, 

for u G Q, X G B(T-L), and x, y G S . 

Universal connections on finite-dimensional bundles were studied in several papers 
including for instance [NR61 , [NR63 , [Sch80], and jPR86j . It turns out that the Grass- 
mannian objects that we are considering here fit also well in the setting given in the above 
Example 13.91 In fact, the compression mapping 

* So : X^poXoi So , B(U) -> B(S Q ), 

where Lg is the inclusion So » B(H), is a unital completely positive mapping satisfying 
^So ° Bp = ^So an d sucn that the vector bundle defined by (B(H), {p}', E p ; &s ) as m 
Example 13.91 coincides with H% : s - 

We now provide a formula for the covariant derivative corresponding to the universal 
connection on a tautological bundle, which will be needed in the proof of a more general 
result of this type, given in Theorem 15.31 below. Finite-dimensional versions of these 
results can be found in |Le68| Ch. Ill] and [PR86 . 

Proposition 3.12. Let S € Gr(H). If a G n° (Gr So (H),Ts (H)) is a smooth sec- 
tion, then there exists a unique smooth function f a G C°°(Gr,s (H), H) such that a(-) = 
( ' ■ /<t( - )) an d we have 

Va(X) = (S,p s (dU(X))), S g Gt Sq (H),X g T s (Gt So (H)), 
where ps is the orthogonal projection from T-L onto S . 
Proof. We use the tautological representations 

U(«S ) x \]{S^) A B(S Q ) and U(S ) x U(5^-) ^ U(H) 4 B(H) 

for constructing the homogeneous vector bundles 

n : Do := U(U) x u(5b)xU(s xj So -> V(U)/(XJ(S ) x U^)) and 

Hi : £>i := V(U) x u(iSo)xLW) H U(H)/(U(<S ) x U(5 x )). 

Then Remark 13. 6f 2) provides a U('H)-equi variant diffcomorphism 

S So : U(H) x u(5o)xUW) W -> (U(H)/(U(5 ) x U^))) x U 

which together with the natural diffeomorphism (s : U (H) / (U (Sq) x U(5^)) — > Gr,s (%) 
provide an isomorphism between ITi and the trivial bundle Gr5 Q ('H)x'H — > Gr,5 ('H). Also, 
n is a U(H)-homogeneous subbundle of IT and the pair (Ss ,Cs ) gives by restriction 
an isomorphism from n onto the tautological bundle T1-h,s '■ Ts CH) — > Gr,s (?{). 

Now for j — 0, 1 let : T(Dj) — > T(Dj) denote the linear connection induced by the 
reductive structure (U(%), U(<So) x \J(S L ); E ps ) and V? be the corresponding covariant 
derivative. It easily follows by Theorem 13 . 2 1 that §i\t(d ) = ar >d then Proposition [23] 
shows that Vi agrees with Vo- By taking into account the aforementioned isomorphisms 
of homogeneous vector bundles, it then follows that the covariant derivative V in the 
tautological vector bundle n,s agrees with the covariant derivative V in the larger 
trivial bundle Gr5 ("H) x % —> Grs (%), both these covariant derivatives being the ones 
induced by the reductive structure (U(H), U(Sq) x U(<Sq"); E ps ). Consequently it suffices 
to compute the action of V on the sections of the subbundle Hs ,n, and to this end we 
use Remark [3^3). 
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If we write the operators on T-L as 2 x 2 block matrices corresponding to the orthogonal 
decomposition H = So ® Sq , then 



hence for every V & m we have VSq C <Sq". Therefore, if we denote by j3: T(Gvs ('H)) — 
T(U(H)/(U(S ) x U(5(f))) -> u(H) the Maurer-Cartan form as in Remark |3lp) for 
the reductive structure (U(%), U(«5>o) x U(<Sq-); E PSq ), then it follows that for every X £ 
T 5o (Gr So (^)) we have (dpi o P)(X)S C S^. Onthe other hand for tr(-) = (-,/„(■)) € 
fi (Gr < s (H),T So (H)) as in the statement we have (Vcr)(X) = («S , (V/ CT )(X)) G {5 }x5 , 
hence the equality provided by Remark 13. 6{ 3) 



actually gives the decomposition corresponding to the orthogonal direct sum H = Sq(BSq . 
Therefore (Vf a )(X) — ps (df !T {X)) 7 and this proves the assertion for S — So since we 
have seen above that V agrees with V. 

The formula for the covariant derivative V at another point S £ Gr,5 n ('H) then follows 
by using the transitive action of U("H) on Gr5 (H) and the U('H)-equivariance property 
of the Maurer-Cartan form /3, and this completes the proof. □ 

We will return to Examples I3.9H3.101 above in Section [B] 



4.1. Hermitian-like structures, reproducing kernels, and universality proper- 
ties. In BGll], several categories of vector bundles and associated reproducing kernels 
have been introduced, together with the corresponding universal objects of such cate- 
gories. Some universality theorems have been also established by using the notion of 
pullback morphisms. These results allow us to recover reproducing kernels on vector 
bundles from the tautological ones canonically associated with universal Grassmannian 
vector bundles. In the present section, we extend and refine one of these theorems, which 
includes the Hermitian case. 

The notion of likc-Hermitian vector bundle was introduced in BG08 in order to study 
geometric models for representations of Banach-Lie groups and C*-algebras in close re- 
lationship with complexifications of those bundles. We next give here a definition of 
like-Hermitian bundles which are slightly more general, and that we will refer to in the 
sequel as having a Hermitian-like structure. 

Definition 4.1. Let Z be a real or complex Banach manifold with an involutive dif- 
feomorphism z i— > z~* , Z — > Z, that is, = z for all z € Z. A Hermitian-like 

structure on a smooth vector bundle II: D — > Z is a family {(• | -)z.z-*}zgz with the 
following properties: 

(a) For every z € Z, (• | -) z z -» : D z x D z -» — > C is a sesquilinear or bilinear strong 
duality pairing. 

(b) For all z £ Z, £ e D z , and n £ D z -« we have 



m = u 




df a (X) = (V/ CT )(X) + (d Pl o (3)(X)f a (S ) 



4. Classifying morphisms for reproducing kernels 



(v I Oz~*,zt if th e pairing is sesquilinear, 



or 



(£ I v)z,, 



(rj | £) z -» z , if the pairing is bilinear. 
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(c) If V is an arbitrary open subset of Z, and *y ■ Vx£ -> n _1 (V~) and \£y-« : V~* x 
£ — > n _1 (V^ - *) are trivializations (whose typical fiber is a complex Banach space 
£) of the vector bundle II over V and V~* (:= {z~* \ z £ V}), respectively, then 
the function (z, x, y) (^y (0, a;) | ^ v -* ( z ~*: y))z,z-* ,V x£x£ — >• Cis smooth. 
A Hermitian-like vector bundle is a vector bundle endowed with a Hermitian-like structure. 

Condition (a) in Definition 14.11 means that the functional (• | -) z z -» : D z x D z -* — > C 
is continuous, is linear in the first variable and antilinear in the second variable when the 
functional is sesquilinear, and both the mappings 

I ■)»,*-. D z ^[D z -,)\ and r) ^ (■ \ V ) z , z -* , D z -, -+ D* z , 

are (not necessarily isometric) isomorphisms of complex Banach spaces in this case. (Here 
we denote, for any complex Banach space Z, by Z* its dual (complex) Banach space and 
by Z the complex-conjugate Banach space.) If (• | -) z z -* ■ D z x D z -, —> C is bilinear then 
the properties are similar with the only exception that in the duality one must remove 
complex conjugation. 

The difference between Definition ^. H and the definition of like-Hermitian vector bundle 
given in BG09] and [BGllj is that we now let the pairing (• | -) z z -» to be bilinear. Of 
course, usual Hermitian vector bundles are particular cases of the above definition just 
taking — * = id^- 

Hermitian-like vector bundles may well enjoy the company of suitable reproducing 
kernels. 

Definition 4.2. Let n: D — » Z be a Hermitian-like bundle. A reproducing (—*)-kernel 
on n is a family of mappings 

K(s,t): D t -* ->• D s , (s,teZ) 

which are linear if the Hermitian-like structure is sesquilinear (respectively, they are 
conjugate-linear if that structure is bilinear), and such that it is (— *)-positive definite in 
the following sense: For every n > 1 and tj £ Z, rjj £ D t -* (j = 1, . . . , n), 

71 

EfmijluNlt,,,,-. >o. 

3,1=1 

Here p\,P2 ■ Z x Z — > Z are the natural projection mappings. 

Here the main difference we have in relation with the definition of reproducing (— *)- 
kernel given in |BG09j and [BGllj is that the domain of the bounded linear mapping 
K(s,t) is supposed to be now D t -,, whereas it was D t in the quoted references. We 
prefer to take domains D t -, in the present work to better reflect formally formulae and 
properties concerning classical reproducing kernels. The theory developed for (— *)-kernels 
in |BG09j and [BGllj is readily adapted to domains Z?t_*. Throughout the paper we will 
use properties of the kernels in accordance with the new notation, without any further 
explanation, unless it seems to be necessary for a better understanding. 

For every (eflwe set K t := K(-, n(£)~*)£: Z -> D. The functions K s , (£ G D), are 
smooth sections of the bundle n. For £ G D s ,r] £ D t with s,t G Z, the prescriptions 

(Kt I K V ) HX := (/f(n(»,)-*,n(0-*)e I f/)t-. lt , 
when n is sesquilinear Hermitian-like, and 

(K e I k v ) u k := (ir(n(7,)-,n(0-^|»7) t -., t , 

when n is bilinear Hermitian-like, define an inner product (■ | on spanjif^ : £ G D} 
whose completion gives rise to a Hilbert space denoted by H . 
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One basic example of Hermitian-like vector bundle is the universal bundle of a Hilbcrt 
space % provided with an involutive isometry on H: 

Example 4.3. Let C : H — > H be an involutive isometric, linear or antilinear, operator 
on %. Then the mapping 

S i y S~* := C(S), Gt(H) -> Gi(H) 

is a smooth involution in the Grassmannian manifold Gr("H). It is clear that the universal 
bundle LT% is Hermitian-like if we endow it with the Hermitian-like pairings 

(x I y) s ,s- ■= (x I Cy) H (S e Gt(H),x g S,y e C(S)). 

(Notice that these pairings are bilinear if C is conjugate-linear). Further, this structure 
admits a reproducing kernel Qu.c defined by 

Qn,c(Si,S 2 ) :=p Sl oC \ c{Sa) : S 2 "* -> S, for 5i,S 2 G Gv(H). 

We will use the notation IL-n,c to refer to this Hermitian-like universal bundle in the 
sequel. 

Fix an element Sq in Gr(7i) such that C(Sq) — Sq. Then the orbit Gr5 ("H) is invari- 
ant under the involution S h-> C(S) of Gr(%), and therefore by restriction we get the 
Hermitian-like vector n 5ojC : Ts {rl) — > Gr So (V.) as a subbundle of H-h,c- Let denote by 
Qs ,c the restriction of the kernel Qu,C to the bundle Hs ,c- For every S G Gr 5o ('H) 
there exists u G U := U(H) such that uSq = S and uSq = S^. Then ups — psu, that 
is, ps — upsgU^ 1 . Thus for all 1*1,112 G U and xi,x% G Sq we have 

Qs ,c{uiSq,u 2 S )(Cu 2 x 2 ) = p Ul s Q (Cu 2 x 2 ) = uip So (u~ 1 u 2 x 2 )- 

For the above assertions, see [BG111 Def. 4.2 and Rem. 4.3]. 

Any of the bundles H-h.c ot ^S ,C w iU be called a universal vector C -bundle. 

Let n: D — > Z and n: D —> Z be Hermitian-like vector bundles, and assume that 
each of the manifolds Z and Z is endowed with an involutive diffeomorphism denoted by 
z i y z~* for both manifolds. A morphism (respectively, an antimorphism) of n into n is 
a pair = (8, £) such that <5 : I? — > D and £ : Z — > Z are smooth mappings such that: 

(i) n o C = 5 o IT; 

(ii) Vz G .Z, the mapping 5 Z :— S\d z ■ D z — > ^( z ) is a bounded linear operator (re- 
spectively, a bounded antilinear operator); 

(iii) Vz G Z, we have C,{z~*) = CO) - *- 

From Definition 14.11 it follows that, for every z G there exists a (unique) bounded 
operator (S z )~* : D^ z y* — > D z — such that 

WeD z , v eD cw -.) («5,f | »?)««),«*)- = (£ I (**)"*»?)*,«- (4.1) 

or 

(V£ G -D 2 , ?7 G 5 fW -.) (<« | »7)t W , CW -. = (S | (^)-»/),,,-. , (4.2) 
depending on the sesquilinear or bilinear character, respectively, of the Hermitian-like 
structures in n and n. Also, the linearity or antilinearity of the mapping {S z )~* also 
depends on these structures and the given linearity or conjugate-linearity of 5 Z . 

Definition 4.4. An involutive morphism or involutive antimorphism on a Hermitian-like 
bundle II. D — > Z is any morphism or antimorphism, respectively, of the form O — 
(t, — *), where — * is the involutive diffeomorphism in Z and r: D — > D is a smooth map 
such that t 2 = id/?, and for all s G ^ we have t(D s ) C D s -,, t\d s '■ D s — > D s ~, is linear 
or antilinear, respectively, and for all s G Z, £ G -D s , 77 G -D s -» we have 
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(i) (r(r?) | t(£)) s -*, s = (v I Os~*,s, if r is linear ; 

(ii) (t(£) I t(?7)) s -» iS = (77 I £) s -*,s> if r is antilinear and II is sesquilinear Hermitian- 
like, or (r(£) | t(ji)) s -* s = (77 | £) s -» s , if r is antilinear and II is bilinear 
Hermitian-like. 

Example 4.5. An important example of Hermitian-like bundle with involutive morphism 
or antimorphism is that one of the universal vector bundle H-h.c endowed with the struc- 
ture induced on Hh by any involutive isometry C : H —¥ %, where H is a given Hilbert 
space. In this case we obtain the asked-for involutive morphism or antimorphism just 
defining r c : (S, x) i-> (C(S), C(x)), T(H) -> T(H). 

In analogy with the notion of pullback of kernels introduced in |BG08] , we give next the 
following definition. We also include in the present paper a particular case for involutions. 

Definition 4.6. Let II: D — > Z and II: D — > Z be two smooth Hermitian-like vector 
bundles such that there is a morphism or antimorphism <d = (5, £) from n to II. Assume 
that if is a reproducing (— *)-kernel on II. The pullback of the reproducing (—*)-kernel 
K through O is the reproducing (— *)-kernel Q*K on II defined by 

(Vs,teZ) e*K(s,t) = (S s -,)-*oK(C(s),C(t))oS t -,; (4.3) 



that is, the diagram 



D at—) > v c(s) 



i 



(*,-)- 



5 t _. e ' g(M) ) D. 

is commutative for all s, t G Z . 

Given an involutive morphism or antimorphism r = (r, — *) of the Hermitian-like 
bundle n, we say that a reproducing (— *)-kernel K on n is self-involutive if K — Q*K, 
that is, if 

{Vs,teZ) K(s,t)^T- 1 oK(s-*,t'*)o T \ D ^ t , (4.4) 

We provided in [BGlli Th. 6.2] a result of universality for reproducing kernels by 
showing that any such a kernel K on a Hermitian vector bundle II, generating a Hilbert 
space H K , can be recovered by K — ^^Qhm-h > as tne pullback kernel of the universal one 
QuAd n , through a suitable vector bundle morphism called the classifying morphism. 
This theorem has a version for kernels on like- Hermitian bundles ( B Glli Th. 5.1]), but 
in this case one must consider, as an additional assumption for the theorem to hold, that 
the classifying morphism commutes with involutions in the base spaces of the bundles 
under consideration. We now prove that such an extra assumption can be removed if we 
are dealing with self-involutive kernels. 

Theorem 4.7. Let II: D — > Z be a sesquilinear Hermitian-like vector bundle having a 
self-involutive reproducing kernel K with respect to an involutive morphism or antimor- 
phism (r, — *). Then there exist an involutive, isometric, linear or antilinear, respectively, 
operator C := C(r): T~L K — > H , and a vector bundle morphism or antimorphism, re- 
spectively, = (8k,Ck) f rom n into the universal bundle H-^k.q such that 

K = (AC)*Q n K tC ; 

that is, for all s,t € Z , 

K(s, t) = ((6%) s -*)-* o Q H K tC (&(8),&(t)) o (*£) t _. . 
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Proof. We prove the assertion when (t, — *) is an antimorphism. The case when (r, — *) 
is a morphism is similar and even simpler. 

Let H K be the Hilbert space generated by the kernel K, which is to say, by the basic 
sections K% = K(-, n(£)~*)£, ( e fl. Since K is self-involutive we can apply [BG111 
Cor. 3.7] to get an involutive antilinear isometry r : H K — > T-L K such that t(K^) = K T /g\, 
(£ G D), and 

(rF)(t)=T(F(t-)) > Vt G Z. 
By following [BG11I Th. 5.1], put similarly K(£) := K 6 , for £ E D, and then define 

(jf : sH- K(D S ), Z —} Gr('H K ) 

(where the bar over K{D S ) means topological closure). Take C = f. Since (k{s) is a 
closed subspace of H K , it is readily seen that C((k(s)) = (k(s~*) for each s £ Z. 

Let A ^ = (5if , (if ) be the morphism from LI into the universal C-bundle ILhk c where 
5 K := (C K o n, K). Define tfg := C o 5 K and :=Co ( K . Then A£ := (tfg, K c ) is 
a vector bundle antimorphism from II: D — > Z into II w r- ;C : T(H k ) — > Gr(W K ) which 
commutes with the involutions in the respective bases: For s G Z, 

C£(0 = (CoC«:)(0 = C [Cat(«-*)] = C[C(Cif( S )] = C [$(*)] . 

Finally, let us check that K can be recovered from Qu K c by the pullback operation with 
Ag. Put 6% := (Sk)z, for z e Z, for short. Take s,t £ Z . For all 77 G D t -. and £ G D s -» 
we have 

((^TQn-,c(CK(s),^(t))(v)\Os,s-' 

= ((6°-,)-*oQ nK!C (t%(s)X%m6?-*r*(v)\t) s , s -, 
= (Q«*c(C£(s),C£(*))<?(^) I 

= (p( Sw (K v )\K i ) HK 

= (K n I JQ) W * 

= (K(a,t) V \O s , a -. 

as we wanted to show. (Looking through the consistency of the preceding chain of equal- 
lities, we observe that the mapping <5^_„ —Co S s -, is conjugate-linear and the mapping 
(<5f_„)~* is linear.) □ 

Remark 4.8. (i) Theorem 14 . 71 was given only for sesquilinear Hermitian-like vector bun- 
dles but an entirely analog version for bilinear Hermitian-like vector bundles may equally 
be obtained. We call the morphism or antimorphism A^ constructed in Theorem 14. 71 the 
classifying morphism associated with the kernel K. 

(ii) Note that the Hermitian case in Theorem 14 . 71 corresponds to the choice of r and C 
as the respective identity maps. Thus Theorem l4.7l extends the Hermitian result contained 
in [BG111 Th. 5.1]. 

(iii) It is also possible to construct classifying morphisms even when the reproducing 
kernel is not assumed to be self-involutive. For instance, this is the case if the vector 
bundle n: D — » Z is acted on by a Banach-Lie group and the associated kernel K is 
compatible with the corresponding action. The resulting morphism then takes values in 
a complexification of the tautological bundle, sec [BG11, Th. 5.14]. 
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In order to define the notion of linear connection induced by a reproducing kernel, 
we need to elucidate when the first component of a classifying morphism is a fiberwise 
isomorphism. This is done in the next subsection. 

4.2. Quantization maps and kernels. Motivated by the significant physical interpre- 
tation given in [Od88| and [Od92j (see also |MP97 ) to maps from manifolds into the 
projective space of a complex Hilbert space, we introduce now the following notion. 

Definition 4.9. Let Z and T-L be a Banach manifold and a complex Hilbert space, re- 
spectively. Any smooth mapping £: Z — ¥ Gr('H) will be termed a quantization map from 
Z to T-L. 

Set 

v ( = {(s,x) eZxH: sez.xe CO)}. 

Then T>q is a Banach manifold of the same class as Z , and the projection 

n c : (s,x) i-» s, £> c -)• Z 
defines a vector bundle, with local trivializations 

(n^)" 1 ^) ~ n s x c(s) for n s ■.= c _1 (Gr cw (?0) (s e z), 

where the fiber at s € Z is identified to C( s )- Assume in addition that there exist an 
involutive difieomorphism si-> s - *, Z — > Z and a linear or antilinear isometry C : % — > T-L 
such that C( s ~*) = C(C( S )) for all s e Z. Then we provide the bundle Vq — > Z with the 
Hermitian-like structure given by ( • | • ) SfS -* := (• | C(-) Such a bundle admits the 
reproducing kernel given by 

K cc (s, t) := p cw o C| c(t -) : C(0 -► CO) (a, i G Z). 

A very natural and clear example of the above occurs when — * = idz and C = id-u- 

Notice that K^,c(s,s~*) = idf( s ). Thus we have a correspondence C ^ ^C,C from 
quantization maps into Hermitian-like reproducing kernels such that c{s,8~*) is in- 
vertible for all s € Z. Next, we are going to establish the inverse correspondence. 

Let n: D — > Z be a Hermitian-like vector bundle with a reproducing (— *)-kernel K. 
For £ G D let be the smooth section of n given by K% = K(-, n(C) _ *)£, and let 
T-L K denote the Hilbert space generated by the functions as indicated formerly, after 
Definition gH Put K{£) = K(_ for £ € £>, and define 



( K : s^K(D s ), Z^Gt(H k ); 

see |BG08j . |BR07j . |BGllj . Assume in addition that the kernel K is self-involutive, and 
let C: TL K — > T-L K be the involutive isometry whose existence is ensured by Theorem l4.7l 
In the following result the bundle Tlc, K ■ T^Q K —^Zis endowed with the C-Hermitian-like 
structure and kernel Kq k> c introduced above. 

Theorem 4.10. In the above setting, suppose that for every s € Z the mapping 

is injective and has closed range. Then: 

(i) The mapping K := (H,K) is a bijection from D onto T>^ K and therefore A^ K := 
(K,idz) is an algebraic isomorphism 



D - > X> 
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of vector bundles. In addition, if K is smooth then the isomorphism Af K is 
smooth. 
(ii) We have 

which is to say, the reproducing kernel K is the pull-back kernel of Kq k ^c by the 
vector bundle morphism 0f K := (C o K, — *) given by the diagram 

D — ^ V Ck — V Ck 



(iii) i<br every s G Z i/ie operator K(s, s *) is invertible in B(D S ). 

Proof, (i) Suppose that £, 77 G -D are such that = K(rf). This means that n(£) = 

s = 11(77) with s € Z, and therefore £,77 G D s . Since K is injective on D s we deduce 
that £,=1]. Now, take an element (s, x) with s G Z and a; G £a( s ) — K(D B ), where the 
equality of these two subsets holds because K(D S ) is closed by hypothesis. Thus there 
exists £ G D s such that a; = K(£) and therefore (a, a;) = (n(£), K (£)). We have proved 
that K is both injective and surjective. In conclusion, K is a bijection between D and 
, and then the fact that A^ K is a vector bundle isomorphism follows readily. 

(ii) This is similar to the proof of Theorem 14.71 For every s,t G Z, £ G D s -» and 
77 G Dt~* we have 

((c o a:)-*.o%, c ( s -, t-*) o (c o #) t _. (77) 1 0.,.-. 

= ((Cok) : _\(p (K(s -. )Kv )\t) ss _, 
= (Pfx(.-)W|C^).-., a 

= (X, I X e ) HK 

= (A-( S ,t)»7|0,,.-., 

and then it follows that K = Q*q k Kc,k,c as we claimed. 

(iii) The invertibility of K(s,s~*) for all s G Z is an automatic consequence of part 
(ii) above since in the commutative diagram 

(■D Ck ) s = Ck(s) k <*- o{ "-"\ C k(s) 

CoA'=Coa| |(CoA)* 
„ K(s,s-*) „ 

D s — ( - 4 D s 

the left vertical arrow and the upper horizontal arrow are antilinear isomorphisms, and 
the right vertical arrow is a linear isomorphism. □ 

In [BGlll Th. 5.8], it was proven, for the notion of reproducing kernel considered 
there, that a sufficient condition for K\r> s to be injective and have closed range is that 
the values of K on the diagonal of D x D should be invertible bounded linear operators. 
The argument employed in |BG11[ Th. 5.8] works exactly the same for reproducing 
kernels like the ones we are studying in the present paper. Thus, in view of (iii) in the 
above statement we get the following characterization. 
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Corollary 4.11. Let II: D — > Z be a Hermitian-like vector bundle with a self-involutive 
reproducing (—*)-kernel K. Then the following assertions are equivalent: 

(i) K\u s is infective and has closed range Vs G Z. 

(ii) K(s,s~*) is invertible in B(D S ), Vs G Z. 

By reformulating the above results we get a characterization relating the existence of 
reproducing kernels and the existence of quantization maps. 

Theorem 4.12. For a given Banach manifold Z provided with an involutive diffeomor- 
phism — * the following assertions are equivalent: 

(i) There exists a Hermitian-like vector bundle II: D — > Z with a self-involutive 
reproducing (—*)-kernel K such that K\u g is injective and has closed range for 
all s G Z . 

(ii) There exists a Hermitian-like vector bundle II: D — > Z with a self-involutive 
reproducing (—*)-kernel K such that K(s,s~*) is invertible in B(D S ) for all s G 
Z. 

(hi) There exists a Hilbert space %, a smooth quantization map £: Z — > Gi{'H), and 
an isometry C : H — > H such that C( s *) = C(C( S )) f or every s G Z. 
In this case, H = H , C — Ck, and D ~ T>^. 

Remark 4.13. For a quantization map Z — > Gr("H) as above put 

^{s, x) := (C(s), x), seZ,xe C(s) C H. 

Then ("0C:O is a vector bundle morphism from 11^: T>q — > Z to the universal bundle 
T{H) ->■ Gr(H). In fact, by identifying X> c with {(s, (C(s),x)) | s G Z,x G <(s)} one has 
that 11^ : T>^ — > Z is diffcomorphic to the pull-back bundle of T(H) — > Gi(H) defined by 
the mapping £. 

Let II: D — » Z be a Hermitian-like vector bundle with self-involutive reproducing 
kernel K, and write :— ij)^ K , <5k := ipK ° Then we get that the pair Ak = ($k, Ck) 
occurring in the proof of Theorem l4.7l is factorized according to the commutative diagram 

S K : D — ^ V (K T(H K ) 



nj n CK |n Hj 



Ck:Z^^ Z — — — > Gt('H k ), 

and we obtain that the classifying morphism Ak = (o~k, Ck) is a pull-back diffeomorphism 
if and only if K{s, s~*) is invertible in B(D S ) for all G Z. 

5. Connections associated with reproducing kernels 

5.1. Linear connections induced by reproducing kernels. Let II: D — > Z be a 

Hermitian-like vector bundle endowed with a self-involutive reproducing (— *)-kcrnel K 
such that K(s,s~*) is invertible in B(D S ) for all s G Z. Let Ak = (8k, Ck) and C 
be the classifying morphism for K and isometry of H , respectively, constructed in 
Theorem 14.71 Assume for simplicity that So in Gr(H K ) is such that C(So) = So and 
Ck(Z) C Gr,s ('H K ), and therefore 5k(D) C Ts {'H k ), so we have that is a morphism 
from n to the universal bundle II,s 0i c at So Q H K ': 

£ t So ch*) — ^ r So (H*) 



n 



s ,c 



Z Gr 5o (H x ) Gr So (W 
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Let E p be the conditional expectation naturally associated to the orthogonal projection 
P '■= PSo '■ 7~L K — > Sq. Then let $s denote the connection induced by E p on the bundle 
TifiK g as in Definition [XTB i-e., 

$ 5o : [((u,X),(x,y))] i ^ [((«,0),(i,^(A:)i + !/))]. 

Since we are assuming that K(s,s~*) is invertible in B(D S ) for all s € Z we have that 
the map 8 k is a fiberwise linear or antilinear isomorphism from D s onto K(D S ), and so 
the following definition is consistent, according to Proposition 12.61 



Definition 5.1. Under the above conditions, we call connection on II induced by K the 
pull-back connection given by 

$ K := (Ag)*(d> So ). 



Remark 5.2. Let us remark once again in the setting of Definition 15.11 that taking the 
involution in Z as the identity map and C as the identity isometry on H K , a Hermitian 
vector bundle II: D Z with reproducing kernel K satisfies all the results affecting 
Hcrmitian-like vector bundles and associated self-involutive reproducing (— *)-kernels. 
This is the case of the aforementioned definition. 

Before going any further, we give a method for computing the covariant derivative for 
the connection induced by a reproducing kernel in the framework of Definition 15.11 

Theorem 5.3. Let LI: D — > Z be a Hermitian-like vector bundle with a smooth self- 
involutive reproducing (—*)-kernel K such that K(s,s~*) G B(D S ) is invertible for all 
s G Z . Let Ak = (5k, Ck) and C be the classifying morphism for K and isometry ofH K , 
respectively, as in Theorem \4-7\ Then assume that So G Gr(T-l K ) satisfies C(Sq) = So 
and <^k(Z) C Grs (H K ) . Let V: il°(Z,D) — > &}{Z,D) be the covariant derivative for 
the connection induced by K . 

If a € Q°(Z, D) has the property that there exists a G fi°(Grs {H K ), Ts (H )) such 
that S K oa = ao^ J then for s G Z and X G T S Z we have 

(Va)(X)=K(s,s-*)- 1 (((p i:K{s) (d(Koa)(X))))( S )). 

eH K cn»{z,D) 

An equivalent way of expressing the conclusion of Theorem l5.3l is that for s G Z, to > 0, 
7 G C°°((-t ,t ), Z) with 7(0) = s and a G Q°(Z, D) we have the formula 

(Va)(7(0)) = ^( S ,.s-*)- 1 (p CK(s) (A| t=o X( CT ( 7W ))) ( , s) ) 
which only requires the derivative at t = of the function K o a o 7 : 

(-to, to) U K and 

then to take the orthogonal projection of the derivative on the subspace Of ( s ) °f H • 



Proof of Theorem\5J% Recall that for every £ G D we have K(£) = K e = K(-,IL(£)-*)£, 
MO = (Cx(H(0), K(0), while S K = C o 6 K and Cg = C o Of, hence 

$(0 = (C(( K (m))),C(Km = (Cx(n((r(0)),^(r(0)) - Mr(0) 
and also C£( n (£)) = Ck(II(t(£))). Now let s G Z and X G T S Z arbitrary. Since 
5^ o a — a o Cg, it follows by Proposition 00] that <5^ o Vcr = V? o T(C^), where V 
denotes the covariant derivative for the universal connection on the tautological vector 
bundle n^ ; 5 : Ts a (H K ) — > Grs a (H K )- In particular we get 

(Cg( S -*),^(r((Va)(X))))=^((Va)(X)) = Va(T(C^)X). (5.1) 
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On the other hand, since a € fl°(Grs (H K ),7~s ('H K )), there exists a uniquely determined 
function / 5 G C°° (Gi Sa (H K ),H K ) with a{-) = (-,/?(■))< Then by Proposition EH we 
get 

W(T(C£)X) = (CK(0,P CK(s -.)(d/ 5 (T(C£)X))). (5.2) 

By using the equality 5^oa = ct°Ck again, we get fa°C,K = CoKoa = Koroa: Z —> H , 
hence by differentiation we obtain 

dfgoT(($) = d(KoToa). (5.3) 

It now follows by (|5TTj) - (fO)) that 

K(r((Va)(X))) = p (K(s - r) (d(K o r o a)(X)) e H*. 

Both sides of the above equality are sections in the bundle IT: D — > Z, and moreover 
t((V(t)(X)) g D s -,. By evaluating the left-hand side at the point s~* € Z we get 
the value K (s~*, s)(r((Wcr)(X))) E D s -,. Hence by evaluating both sides of the above 
equality at s~* and then successively applying the operator K(s~* , s) _1 and then the 
involutive diffeomorphism t to both sides of the equality obtained after the evaluation 
we get 

(W)(X) = Tints-*,*)- 1 ({p^-^KK o r o a){X))){s-*))) 
= K(s, S -TM(PCK( S -)(d(£ o r o a)(X)))(s-*)) 
= K(s, a -)- 1 (C((p Cjc( .-. ) (d(^ o r o CT )(X)))) ( S )) 
= K(s, s-T'diPUisMdiK o r o a)(X)))) (s)), 

where the second equality follows since the kernel K is self-involutive, while the last 
equality relies on the equality CpQ K ^C = P( K ( S -*) (irrespective of whether it is linear 
or antilinear) ; see Lemma 16.41 below. Now the assertion follows from the above equalities 
since C : W K -> U K is R-linear and C o K = K o r. □ 

5.2. Categorial aspects. We will now discuss the functorial features of the above cor- 
respondence between reproducing kernels and linear connections, and it will follow that 
this correspondence is unique in a quite natural way. For the sake of simplicity we will 
restrict ourselves to Hermitian bundles. The precise statement actually establishes the 
relationship between various categories that we now introduce: 

• Hilb is the category whose objects are the complex Hilbert spaces and the mor- 
phisms are the linear isometries. 

• Herm is the category whose objects are the Hermitian vector bundles and the 
morphisms are the bundle morphisms which are fiberwise unitary operators; 

• Kernh is the category whose objects are the admissible reproducing kernels on 
Hermitian vector bundles, where admissibility means that the kernels satisfy the 
equivalent conditions of Corollary 14.111 The morphisms of this category are de- 
fined by Hom K ernh(^i,^2) ={6e Hom H erm(ni,n 2 ) | 0*(K 2 ) = A'i}, when- 
ever Kj is an admissible reproducing kernel on the Hermitian vector bundle H, 
for j = 1,2. 

• LinConnect is the category whose objects are the linear connections on Hermit- 
ian vector bundles and the morphisms are defined by HomLinConnect^i, $2) = 
{O € HomHerm(IIi, n 2 ) | 6*($ 2 ) = $1} whenever $j is a linear connection on 
the Hermitian vector bundle for j = 1,2. 

• Q: Hilb — > Kernh is the functor that constructs the universal reproducing 
kernel on the tautological bundle for a given Hilbert space. 
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• $ : Hilb — > LinConnect is the functor that constructs the universal connection 
on the tautological bundle for a given Hilbert space. 

• F are the forgetful functors that associate to every kernel or connection the bundle 
where these objects are acting. 

• And finally, A : Kernh — > LinConnect is the functor defined by means of Defi- 
nition [5H] on the level of objects of these categories and which acts identically on 
the level of morphisms. 

Here is the categorial characterization of the functor A from the category of the repro- 
ducing kernels to the one of linear connections on Hermitian vector bundles. 

Theorem 5.4. There exists a unique functor from Kernh into LinConnect such that 
the diagram 



is commutative, and that functor is A: Kernh — > LinConnect. 

Proof. We first check that the diagram in the statement is commutative if the role of 
the dotted arrow is played by the functor A. In fact, we have F o A = F since the 
functor A takes an admissible reproducing kernel on some Hermitian vector bundle to a 
linear connection on the same Hermitian vector bundle. Moreover, it follows directly by 
Definition O along with [BG091 Prop. 4.5 and Ex.] that Ao Q = $. 

To prove the uniqueness assertion, let us assume that B: Kernh — » LinConnect 
is a functor such that F o B = F and Bo Q = <£>. The latter equality shows that for 
every Hilbert space T-L we have B(Q-h) = hence B(Q-h) = A(Q<n). Thus the func- 
tors B and A agree on the universal reproducing kernels. Now let K be an arbitrary 
admissible reproducing kernel on a Hermitian vector bundle n. The classifying mor- 
phism Ak € HomHerm(n, T(H K )) has the property A* k {Q- h k) — K, hence we have 
Ak £ HoniKernh (K, Q-^k). By using the functor B: Kernh — > LinConnect, it then 
follows that B(Ajf) e Horn 

LinConnect (B(-ft') , B(Q% k )) . On the other hand, by using the 
equality FoB = F on morphisms in the category Kernh, we get B(A^) = A^; moreover, 
we established above that B(Q^) = for every Hilbert space H, hence in particular 
B(Q u k) = $ h k. We thus get A K € Hom L inConnect(B(if), $^k). By the definition of 
the morphisms in the category LinConnect, this means that M(K) = A* K (& n K), hence 
we have M(K) = A(K). Thus the functors B and A agree on the level of objects in the 
category Kernh. Furthermore, it follows by the condition F o B = F that the functor B 
acts identically on the morphisms of the category Kernh, just as the functor A does. 
Thus eventually B = A. □ 



6.1. Kernels on trivial bundles. We illustrate here the theory established in the pre- 
ceding sections by giving some results involving classical reproducing kernels on trivial 
vector bundles. 

(a) General case. 

Let X be a set and let T-L be a Hilbert space. Assume that n: X x X — > B(T-l) is the 
reproducing kernel of a Hilbert space denoted by T-L K . This means in particular that, for 




LinConnect 



Hilb 



Herrn 




Kernh 
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every Xi G X, Vi G %, i = 1, . . . , n, 

n 

2J (K(Xi,Xj)Vj | > 0, 

i,J=l 

and that H K is the Hilbert space of 'H-valued functions on X generated by the space 
spanj/tz ®v:x£X,v£ H}, where 

k x ® t> := «;(•, x)v : X ^ H, 

with respect to the inner product given by 

(«x <& v | Ky ® := x)t> | w)-h, 

see [NeOOl Theorem 1.1.4, (2) and (a)]. 

In the sequel we assume that X is a Banach manifold and that there exist a diffeo- 
morphic involution x £ X t-¥ x~* £ X and a (anti-)linear isometry C : % — > % related 
through the equation 

Ck{x~* ,y~*)C = n(x,y) Vx,y£X. 

Define a Hcrmitian-like structure on the trivial vector bundle X x % — > X by 

((x,u) | {x~*,v)) XiX — := (u | v) n , (x £ X;u,v £ H), 

and a kernel, accordingly, given by the family of operators K(x, y) defined by 

{y-*} x H 3 (jj~*,v) h> (x, K (x,y)v) £ {x} x ft. 

whenever x, y £ X. It is readily seen that K is a reproducing kernel on the aforementioned 
trivial bundle. Moreover, for x,y £ X and v £ H, we have 

K (x,v){y) = K{y,x~*)(x,v) = (y,K x -,(y)v), 

and therefore there is the correspondence K{ x , v ) < — > (8 u. Also, it is readily seen 
that if (x, v), (y,w) £ X x H then 

{ K (x,v) I K{y,w)) H K = ® " I S— ® 

Thus we get that U K = H K . 
Define the involution 

r: X x H 3 (x,v) i-> (x~*,Ct;) € A" x 

For every x, y € X and v £ H, 

{roK(x-*,y-*)or)(y-*,v)) = (r o Jf^-, Ct>) 

= t((x-*, K (x-* )2 /-*)Cu)) =(x,Ck(x-* )2 /-*)Cu) 

= (», k(x, y)v) = K(x, y)(y~*,v), 

so that K is self-involutive with respect to r. Further, transferring C T :— C(t) from 
to H K gives us 

C r (k x — ® u) = K a ® Cu, (x G Af, v£%), 
and then the classifying morphism for _ftT is 

(x, t>) G X x ^ JZE**» {K x (g>H, k x <g> C«) G TCH K ) 

x G A" G Gr(-H K ) . 

Note that the choosing — * = id^ and C = idu simultaneously corresponds to the usual 
Hcrmitian trivial bundle. In this special case we now compute the covariant derivative 
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for the connection induced by the reproducing kernel K when moreover dim'H = 1, hence 
we may assume H = C. Corresponding results for general involutions — * and C are left 
to prospective readers. 

In the following statement we use subscripts to denote the values of differential 1-forms 
on X. 

Proposition 6.1. For every smooth section er(-) = {-,fa(-)), where f a G C°°(X,C), of 
the trivial bundle X x C — > X we have 

(Vx G X) (Va), = (x, (df a ) x + Ux) d2K . [x '^ G {x} x B(T X X, C). 

K{X, X) 

Hence the covariant derivative V can be identified with the first order linear differential 
operator V: Q a (X, C) n\X, C) defined by 

(V/eC°°(*,C)) Vf = df + a K -f (6.1) 

where the differential 1-form a K G VL^iX, C) is defined by (a K ) x — 2 y ' - /or aZi 

k(x,x) 

X G X. 

Proof. For arbitrary x £ X we have 0<-(x) = C ' K u where k k = k(-,x) G "H k and 
(k x I k x )-h k = «(x, x). Therefore 

A_/ ('I ^c) 

(Vx G A 1 ) PCk(x) = ^r— 

Moreover 

(Vac G Af)(Vw £% = C) (x, u) = wk x = «;«(-, x). 

Now consider a smooth path 7 G C 00 ((—to,to), X) with 7(0) — x G A" and a smooth 
section cr(-) = (•,/ C r( - )); where / CT G C°°(A',C). For arbitrary i G (— io>io) we have 
K(a( 7 (t))) = £( 7 (i),/ CT ( 7 (t))) = /a(7(*))«(-,7(*)) = MtWKw and 

„ r^W^™ (£fr(7(*))) I **) (/ ff (7W)st)k) , ; 

PCif(^)( A ( Cr (7(l)))) = K x = K x 

K(X,X) K(X,X) 

= M7(*)) — 7 \ 

K(X, X) 



hence 



d_ 

dl 



Pc^m^m) - K(7(o)) + / CT (,)^%^M). 



(3 2 kMK7(0))v 
k(x, x) 

Therefore, by using Theorem 15.31 it follows that for any smooth section cr(-) = (•, fa(-)), 
where f & G C°°(Z, C), we have 

(Vx G X) (W) x = (x, {df a ) x + U(x) d2K . {x ' x) G {x} x B{T X X, C) 

K[X, X) 

as we wanted to show. □ 

We next recall classical reproducing kernels on one-dimensional trivial vector bundles 
arising in function theory, and whose linear connections can be computed using the above 
formula (|6.1[) . 

(b) Classical (scalar-valued) reproducing kernels: Bergman and Hardy spaces on the 
disk and the half-plane; Fock space. 
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(b.l) Take v > 1. Let Q3 2 (D) denote the so-called Bergman space, which is the Hilbert 
space of holomorphic functions on the unit disk, / € 0(D), such that 

(*,-!) 



\f(z)\'(i-\ z \y-Uz<™, 

'D 

where dz is the Lebesgue measure on D. Clearly, the polynomial functions belong to 
2$y(D). In the "limiting case" v = 1 one gets the Hardy space Sj 2 (D), which is the 
Hilbert space of functions / € O(D) satisfying 

sup ±- P \f{re ie )\ 2 d9 < oo. 

0<r<l Jo 

Let us denote for a while both the Bergman and Hardy spaces on the unit disk by 
the same symbol % V {D), v > 1 (the Hardy space corresponds to v = 1). These are 
reproducing kernel Hilbert spaces with kernels 

Kg\s,t)= 1 ( fl ,tGD;i/>l); 

see |Hi08j . |NeOO) . for instance. 

In a similar way, let Q5^(U) denote the Ber gman space on the upper halfplane U := 
{z G C : Imz > 0}, which is formed by all holomorphic functions F on U such that 

(v 



^ [ \F(z)\ 2 (Imz)»- 2 dz < oo. 

7T JD 



It turns out that 25 2 (U) is unitarily equivalent to 23 2 (D) through the Cayley transform 

z — i 

Z + I 



z — % 

<p{z) := :, (z € U). The reproducing kernel of 25^(U) is given by 



4 (z — w) y 

see |Hi081 p. 16]. Let Jo 2 (U) be the Hardy space of all holomorphic functions on U 
satisfying 



1 f 

sup — / \F(x + iy)\ 2 dx < 
y>0 27T J^^ 



y>0 

The space Sj 2 (TJ) is also a reproducing kernel Hilbert space with kernel 

K^\z,w) := 1 (z,we\J); 
2{z — w) 

see p08l p. 19]. 

Unlike the Bergman case, the image of io 2 (U) via the unitary isomorphism induced by 
the Cayley transform ip is not all of f) 2 (D), but just a closed proper subspace of it, see 
Ho62 ( Ch. 8]. Despite this, we use the symbol W V (\J) to refer both the Bergman and 
the Hardy spaces on U. As in the unit disk case, the Hardy space corresponds to v = 1. 

NOTE.- In the above expressions of the kernels in this example we have omitted the 
number 1/tt despite that it appears in the expressions given in |Hi08] . It has been done so 
because we have preferred to maintain 1/7T in the integral conditions defining the Bergman 
and Hardy spaces. 

(b.2) Let £ be a complex space and let (3: £ x £ — > C be a positive semidefinitc 
hcrmitian form on £. Then Kjr y p(z,w) :— e^^ z ' w \ for z,w £ £, is a reproducing kernel 
which generates a Hilbert space 'H K:F - 13 denoted by T{£ , (3) := H if - F -' 3 , and which is called 
Fock space associated with £ and (3. See NeOO, p. 38]. 
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When £ = C™ is finite-dimensional, the Fock space F(£,f3) can be realized as the 
Hilbert space of all holomorphic functions F on £ such that 

^ J \F(z)\ 2 e-^dz< oc. 

See [ffiOSl pp. 25, 26]. 

On account of the above examples, former point (a) applies to: 

(1) The set X := D, the Hilbert spaces U := C and U K := U v (p), with the trivial 
bundle DxC->D and kernel k := K ^ , the involution s~* :— s in D, and the antilinear 

isometry C(z) := z, (z G C). Notice that K^ ] (s,t) = K^\s,t) for all s,(6D. 

(2) X := U, U := C and W := W„(U) , with trivial bundle UxC^Uand kernel 
K := z~* := —z in U, and C(w) := W, (w G C). 

(3) X := £, M := C and 'H K := 7"(f,/3) , with trivial bundle £ x C ->• £ and kernel 
k := Kjr p : z~* := J(z) in £ for any involution J in £ such that /3(Jz,Jw) = (3(z,w) 
Vz,w € £, and C(w) :— W, (u; e C). (The prototypical example of Fock space occurs 
when £ = C™ and /3(z, w) — Y^j=i z j™ji z — ( z 1j • ■ • > 10 = C^ii • • • > ^n) € C", n G N; 
see [NeOOl p. 10].) 

It is straightforward to compute the first-order differential operator (|6.1[) (in this case 
the involution — * and isometry C are the corresponding identity maps) in any of the 
above examples. Indeed, 

(1) For K^{a,i) = (1 - Is) - " generating H V {D), v > 1, we have 

(Vcx) fl (z)=d/ g (z)- z 
(1 - \s\ 2 ) 

for cr = f a G C°°(D, C), s G D, z G C. 

(2) For K^\z, w) = j(2i) u (z - w)~ v generating U v {\5), v > 1, we have 

(Va),(A)=d/ CT (A)-^^A 
1m z 

for cr=f a e C°°(U, C), z G D, A G C. 

(3) For Kjr^(z,w) = exp(^™ =1 Zjwj), z 7 w G C", generating the Fock space on C™, 
one gets 

n 

(Va) z (A)=d/ CT (A)+/ ff (z)^z J A7 

for a = U G C°°(C n , C), z = (zj)" =1 , A - (A 3 -)y=i € C". 

Some specific properties of the differential operator V as the ^-decomposition into 
(0, 1)- and (1, 0)-components will play a central role in a forthcoming paper devoted to 
the relationship between the linear connection induced by a reproducing kernel and the 
complex structure of the ambient vector bundle. We also defer to another paper the 
analysis of the linear connections associated with specific reproducing kernels and their 
applications to some representations of semisimple Lie groups in function spaces, incuding 
in particular holomorphic discrete series representations. 

6.2. Homogeneous fiber bundles. Let Ga and Gb be two Banach-Lie groups, Gb 
Banach-Lie subgroup of Ga, with an involutivc diffcomorphism "*" in Ga for which 
Gb is stable. For every g G Ga, put g~* :~ (g*)^ 1 and then define the involutive 
diffcomorphism — * in the homogeneous space Ga/Gb by {gGs) * '■= 9 *Gb for every 
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g G Ga- Let pa - Ga — > B(Ha) and pb- Gb — > B(Hb) be uniformly continuous *- 
representations into Hilbert spaces Hb and Ha respectively, such that Hb C Ha, pB{g) = 
PA(g)\u B for 9 ^ G B and Ha = span tta{G a )Hb- 

Let us consider the homogeneous vector bundle EE: Ga x g b Hb —> Ga/Gb, induced 
by the representation ps, with the involutive diffeomorphism — * in the base Ga/Gb- We 
endowe II with the (— *)-Hermitian-like structure given by 

([(«, /)], [(«-, ft)]),,.-. := (/ | ft)*, ueG A ,f,he H. 

Let P: 7^ -> be the orthogonal projection. We define the reproducing (— *)-kernel 
K p on the vector bundle H: D = Ga xg b Wb-> Ga/Gb by 

K p (uG B ,vG B )[(vJ)} = [(u^PipAiu-^pA (»-)/))], (6.2) 
for iiG B ,vG s G P and / e "H s (see |BG08p . 

Proposition 6.2. In i/ie aqbove setting, 

(a) t/ie mapping K p is smooth; 

(b) /or every s € Ga/Gb the bounded linear operator K p (s, s~*) is invertible on D s , 
so K p \d 3 ■ D s — > H Kp is injective and its range is closed; 

(c) the mapping 

Ck p : Ga/Gb -> Gr(H Kp ), Ck p (s) := F P (P S ), 

is smooth. 

Proof. We set If = if p throughout the proof. Clearly, if(s,s - *) = id/j s for all s e 
Ga/Gb- Thus property (b) holds. 

By similar arguments to those of [BG08, Sect. 4] one obtains that there exists a unitary 
operator W : H K — > Ha such that W^^) = TTA(v)g whenever r) — [(v,g)] G P. Also, 
there exists a commutative diagram 

Ga x H B ( ^^ PA(t,)9 > Hi 

P — ^ H K 
where q : x Hb ^ Ga x g b = P is the quotient map. Since the upper horizontal 
arrow is clearly a smooth map, it follows by this commutative diagram that K o q is 
smooth. Since the quotient map q is a submersion, it then follows by |Up85| Cor. 8.4] that 
K: D — > H K is smooth, and thus the reproducing (— *)-kernel K satisfies property (a) 
as well. 

It remains to check assertion (c). We have to prove that the mapping 

( K : Ga/Gb -> Gi(H K ), s ^ K(D S ) 

is smooth. The unitary operator W : H K — > Ha induces a diffeomorphism 

W : Gr{H K ) -> Gr (Ha), S h> W(S), 

hence it will be enough to show that the mapping W o( K : Ga/Gb —> Gt(Ha) is smooth. 
To this end, note that for every s — uGb € Ga/Gb we have 

Wo ( K (uG B ) = W({[(u,f)] €D\f€ H B }) 
= {pa{u)J \feH B } 
= p A (u)H B 
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hence there exists a commutative diagram 

G A GL(H A ) 

G A IG B ^> Gv{H A ) 
whose vertical arrows are submersions. It then follows by |Up85| Cor. 8.4] that the 
mapping W o Ck is smooth, and we are done. □ 

It is straighforward to check that the map $j<- : T(Ga x g b Hb) T(Ga x g b Hb) 
given for every g g Ga, X s qa and /, h £ Hb by 

<t> Kp : [(( 5 , A), (/, h))} ^ [((<?, 0), (/, P(dp(X)f) + h)} 

is a linear connection on the homogeneous bundle II: Ga x g b Hb ~^ Ga/Gb- 

Definition 6.3. We say that <$>k p is the natural connection associated with II. 

We will justify the above definition with the result in Proposition 16.51 (b). 

In general, a vector bundle II as that one of Proposition RT21 need not have an involution 
t as in Definition 14.41 It is possible to provide II with such an involution if we assume 
the following. 

Suppose that there exists an involutive isometry C : Ha — > Ha such that 

(i) C(H B ) = Hb, and (ii) p A (u—) = Cp A (u)C, {u e G A ). (6.3) 

Note that in the above assumptions we can take C as the identity whenever p is a 
unitary representation. 

Then let tc be the involution in D := Ga x g b Hb given by 

r c : [( u j)}eD^[(u-*,C(f))]eD, 

which is well defined because of condition 16.31 (ii). As a matter of fact, the kernel K p is 
self-involutive with respect to the involution r. To see this, first we prove the following 
simple lemma. 

Lemma 6.4. Let H be a Hilbert space. For any closed subspace S ofH we denote by Ps 
the orthogonal projection P : H — > S. Then we have 

P C (S) = CPsC. 

Proof. Given any x € H, we know that Ps(x) is characterized as the only element in S 
such that 

(x - P s (x) I y) n =0, (ye S). 

Hence, if C is linear, we have for every y G S, 

(x - (CP c{s) C)(x) | y) H = (C(Cx - P c{s) {Cx)) | y) H 

= (Cx~P c{s) (Cx)\Cy) H = 

since Cy € C(S). (If the isometry C is antilinear, then the last equality should be 
replaced by {Cy \ Cx — Pc(S) {Gx)^ = 0.) So by uniqueness we get the wished-for 
equation Pc(S) = CPsC. □ 

As seen in the proof of Proposition 16. 2[ by using the unitary operator W we may 
suppose that H Kp — Ha- Then the classifying morphism (Sk p , (k ) takes the form 

6 Kp : [(g,f)] i y { P A{g)H Bl p A {g)f), G A x g b H b ^Tu b (H a ), 
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and 

Ck p ■ gG B i— > PA (g)H B , G A IG B -> Gv ng (H A ). 

Proposition 6.5. For <5^ p and Q£ as above, 

(a) the reproducing kernel K p is self-involutive for the involution tc; 

(b) the connection on the involutive homogeneous bundle Ga XGb Hb — > Ga/Gb 
obtained as the pullback (A^ )*(&e p ) of the universal connection <&e p through 
the morphism A^ = (S^ , £j£ ) coincides with the connection given by 

$ Xp : {((g, X), (/, h))} i y l((g, 0), (/, P(dp(X)f) + h)], 

for every g E Ga, X E Qa, and f,h £ Hb- 

Proof, (a) Write K = K p , t = tq and recall that P = Ph b - F° r s — uG B ,t — vGb £ 
Ga/Gb and / £ Hb, one has 

(r o K(s-*,t-*) o r) ([(«-,/)]) - (r o *-)) ([(«, C/)]) 

= r([(u-*,P(/>A(«*«)C/))]) = [KC^ B (^«)C/))] 

= [(«,P c(7ffl) (C7/,(«*«)C/))] 

= [( u ,F( u - 1 «-*)/))]=if( s ,i)([( V -*,/)]), 

where we have used Lemma 16.41 for the fourth equality and (|6.3|) for the next-to-last 
equality. 

(b) In this part of the proof we are using the presentation Tu b (Ha) — G X Q([P]) Hb, 
with Q = GL(H A ), of Example E3U] prior to Definition EHJ Put 5 = S Kp , C = Ck„- 
By Proposition 12.61 we have that the pullback $ := (S c , £ c where $>e p is as in 

Definition 13.31 is a linear connection on IT. In fact, by Theorem 13.21 we have 

$ Bp : [((«, F), (/, fe))] i ^ [((«, 0), (£ P (u)/ + fe))] 

for u £ GL(Ha), Y £ B(Ha) an d f,h£ Hb- On the other hand, the tangent map TS 
is given by 

T8 C : [((.g, X), (/, h))} h+ -dp(X)*), (C/, Cft))], 

ion g E Ga, X E qa, f,h eHb- Thus the fiberwise composition $ = (T6 c )~ 1 o^ Ep oTS c 
gives us 

*: [((g,X)Af,h))} ^ [((g,0),(f,CE P (-dp(Xy)Cf + Ch))}. 
Now, from the relationship Cp(u)C = p(u)~* (u £ Ga) it follows that 

Cd P {x)c = -dp(xy, xeqa- 

Also, note that E P (dp(X))f = P(dp(X)f) for all X £ g A and / £ Hb- Hence 
CE P (-dp(X)*)Cf = CP(-dp(X)*Cf) 

= pc(-d P (xycf) 

= p(c(-d P (xy)cf) = p(d P (x)f). 

and therefore we obtain that $ = $?f as it was claimed. □ 

In the next proposition we compute the covariant derivative associated with a homo- 
geneous reproducing kernel. In order to state the result, note that if qa and qb are the 
Lie algebras of Ga and Gb, respectively, then the adjoint action of Gb on qa gives rise 
to a linear action on the quotient Qa/qb and we can then form the homogeneous vector 
bundle Ga x g b (Qa/qb), which is isomorphic to the tangent bundle T(Ga/Gb)- For 
any closed linear subspace m of qa such that qa = 0b + m we have a linear topological 
isomorphism m ~ Qa/qb, which gives rise to a natural linear action of Gb on m, hence 
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to a homogeneous vector bundle Ga Xg b in which can be identified with T(Ga/Gb)- In 
the special case Gb = {1} we get the identification T{Ga) — Ga x Qa (see Remark l2.2j) . 
so for every smooth function a : Ga — > Hb we have da : Ga k Qa Hb- 

Proposition 6.6. Assume that the linear subspace spanned by Pa{G a)Hb * s dense in 
Ha and denote the reproducing kernel of (|6.2I) simply by K. Let a: Ga Hb be any 
smooth function such that a{uw) = pb(w) _1 (t(u) for all u e Ga and w € Gb, and define 
the smooth section a: Ga/Gb — > Ga x g b W-b by <j(uGb) — [(u,a(u))] for all u £ Gb- 
Then for every tangent vector [(u,X)] € Ga x g b m — T{Ga/Gb) we have 

(Va)([(n, X)]) = [(u, da(u, X) + P Hb {p A {u)- l p PA(u)HB pA{u)dp{X){d{u))))]. 

In particular, if p is in addition unitary then 

(W)([(u, X)]) = [(«, da(u, X) + P{A PA {X)d{u)))]. 

Proof. The specialization to the case when Pa(u) is a unitary operator on Ha follows from 
the general formula, since then p PA ( u ) — Pa(u)P/9a(u) _1 , and moreover da(u,X) g Hb- 
For proving the general formula, recall from the proof of Proposition 16.21 the unitary 
operator W and denote i = W^ 1 : Ha —> H . Then for every h £ Ha we have i(h) = 
[(■^(pAi-)- 1 ^)}, hence 

(Vu e G A ) (i(h))(uG B ) = [(u, P(^(u) _1 /»))]. (6.4) 

On the other hand, the function K : Ga x g b Hb —> H K is given by the formula 

K([(v,f)]) = K{;V-*G B )[(v,f)] = [{-^{pAir'PA («)/))] = 

for every [(«,/)] €: Ga x Gb "Hb. Now pick any [(u,X)] e Ga x Gb m = T(Ga/Gb) and 
define 7x(t) := exp GA (tX), 7x(t) := lx(t)G B , and u^ x {t) := uj x (t)G B for all £ e R. 

Then for every feRwe have <j(tt7x(£)) = [( u 7x(*)i <r(ujx (*)))] 5 so ^( cr ( u 7Jf(0)) = 
/.( ( OA(w)pA(7A(0)^( u 7x(i)))- Therefore 

^| t=o ^(a(«7Jr(*)))=t(PA(u)(d^Wff(u) + dcr(u,X))), 

which entails 

%„WH B )(^ ^(cr(u7x (*)))) = t(p /3A ( u)WB (pA(w)(dpA(X)a(u) + da(u,X)))). 

Since if (s, s — *) = id for every s G Ga/Gb, an application of Theorem 15.31 along with 
(|6.4[) concludes the proof. □ 



Remark 6.7. Since the tautological bundle 11% ,s : Ts (H) — > Grs (%) is diffeomor- 
phic to its homogeneous version U("H) x u(ps ) — > U(W)/U(ps ), the two expressions 
of the covariant derivative, associated with the natural connection on U-h,s , given in 
Proposition 13.121 and Proposition 16.61 must coincide. In fact, using the notations of those 
propositions and identifying uSq — uU(ps ) we have that fo-(uSo) = ua(uSo), where we 
are considering a: XJ (H) /~U (ps„) — > So rather than its U(ps )-equivariant version from 
V{H) into So. Then, for X = uY = [(u,Y)} e T uSo (Gr So (H)) with Y e Ker pSo , by 
differentiating in /^(uSo) = ua(uSo) we get df a (X) = u(Ya(u) + da(u, Y)) whence 

P uSo (dfa(X)) = P uSo {u{Ya(u) +da(u,Y))) 
= uP So (Ya{u) + da(u,Y)) 
= [(u,P So (Ya(u))+da(u,Y))] 

as it was claimed. 
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6.3. Completely positive mappings. To end the paper, we examine here the geometry 
inherent to completely positive mappings. To begin with, we show that such a mapping 
can be interpreted as a geometric object in at least two related but different meanings. 

(a) Completely positive mappings (the fundamental dilation equation). 

Let us give a new perspective about the fundamental relationship between completely 
positive mappings vP: A — >• B(Ho) and their Stinespring dilations A: A —> B(H) given by 
the equation 

*(a) = V*X(a)V {aeA), (6.5) 

to the light of reproducing kernels and classifying morphisms. 

In the sequel of this paper, we assume that the dilation A is minimal. 

First of all, it is clear that setting if*(s,t) := $(s -1 i) and K x (s,t) := X(s~H), 
for all s,t G JJa, we get if* and if A two reproducing kernels for the trivial vector 
bundles Ua x Ho — > Ua and Ua x % — > Ua, respectively. Moreover, the mapping 
0y = (id\j A x V,id\j A ), where V is the isometry going from Ho into H, is a morphism 
between the two preceding vector bundles, for which the equality ^(a) = V*X(a)V, 
(a € A) is equivalent to say that if* is the pullback kernel of if A through 9y. That is, 

Q* V K X = if*. 

(In the above, the involutions considered are the corresponding identity maps.) 

As regards classifying morphisms, let us start noticing the well known fact that V*V = 
id-n, VV* — Pv(u a )- Put So := V(Hq). Then the natural kernel, associated with A, for 
the bundle Ua X So — > Ua, is 

K$(s,t)h := Ps \(s-H)ls , (s,t£ Ua). 

Incidentally, note that the equality (|6.5p can be written alternatively as 

tf (a) = V*P So X(a)i So V, (a € A), (6.6) 

(This is simple to show; in fact, for a G A, 

*(o) = V*A(a)V = (U*U)U*A(a)U(U*U) = 7*P So A(a)t So K) 

Let £ = (s, h) be in the fiber {s} x <So. Then for all t G \Ja, 

(K^ e (t)=K^t,s)(s,h) = (Ps Ht- 1 s>s ){s,h)=P So \(t- 1 )\(s)h), 

whence it follows that (Kq )j can be identified with X(s)h as the function acting on t as 
above. Thus the classifying morphism A\ for the kernel Kq is 

(s,h) £\J A xS (X(s)S ,X(s)h) e Ts {U) 



Ps 



n w„s 



s£Ua — A(s)5 G Gr 5o (H). 

As a matter of fact, on account that the transpose mapping of (5\) s = X(s) is equal 
to A(s _1 ) for each s G Ua, one obtains that A^Qu^o — ^o> as ^ na< ^ to ^ e lrom the 
universal theorem for kernels. 

Thus the classifying morphism A^, for if* is 

Ua x Ho ' dUA><y > Ua x So T Sa (H) 

pva { I pva l nns ° 

Ua Ua Gr So (H) , 
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and the universal theorem tells us that, for s,t £ Va, 

9(a-H) = K v (s,t) = AlQn iSo (s,t) = (A x Q v )*Qn tSo (s, t) 

= e* v AlQ niSa (s,t) = Q* v K^(s,t) = V*P So \(s- 1 t)L So V. 

On the other hand, we know that A = span , and so we have that the last equality is 
equivalent to (|6.6j) . In other words, the Stinespring dilation theorem, summarized in the 
formula (|6.5p . can be regarded as an instance of the universality theorem for reproducing 
kernels of vector bundles. 

We have shown that a completely positive map "J can be seen as a reproducing kernel, 
under the form (s,t) i— >• ^(s _1 i). Let us compute the connection and covariant derivative 
associated with the above interpretation. 

For f eHo,aeu A and S = V(Ho), 

E PSo (d\(a))Vf = E pSo (X(a))Vf=p So (\(a)Vf) = VV*(\(a))Vf = V*(a)f. 

Then, using the classifying morphism A^, and the corresponding pullback operation for 
connections, we have that the natural connection on the bundle x Ho — > Va for the 
kernel ^ is obtained as the composition 

([(s,a)],(f,h)) ^ ([(X(s),dX(a))],(Vf,Vh)) 

^ ([(X(s), 0)], (Vf, Vh + E PSq (dX(a)Vf)) 

= ([(X(s), 0)], (Vf, Vh + V9(a)Vf)) ^ ([(«, 0)], (/, h + 9(a)Vf)). 

for every s € Va, i€ ua, f,h£ Ho- In other words, the completely positive map can 
be regarded as a connection $^ on the trivial bundle in the form of the correspondence 
(f,h)^h + V(a)f. 

To compute the covariant derivative V* of the connection note that there exists 
an isometry l\ : H — > H K ° defined by i\(h) — Ps a X(-)~ 1 h. Then, using an argument 
similar to that one of Proposition 16.61 we find that the covariant derivative associated to 
the kernel Kq is given by 

Va ([(u,a)]) = da (u,a) + P So {X(a)a (u)) 

for every u € Va, a e u^i and every section cr : Ua — > So of the bundle Va x5q-> U^. 

Take now any section a: \Ja — > Ho of the bundle x Ho — > Va and put er := 
Va: \Ja — > So- Since doo = Vda and Ps = VV* , by application of Corollary 12.81 we 
obtain for u 6 and a G ua, that 

V*<r([(it, a)]) = do~(u, a) + Q(a)a(u). 

This is our interpretation of the completely positive map f as a covariant derivative. 

We next show how to construct an example of Proposition [6~6l using completely positive 
mappings and conditional expectations suitably related in between. 

(b) Involutive homogeneous bundles and CP mappings. 

First we give a result about dilations of CP maps acting on the right. 

Lemma 6.8. Let A be a unital C* -algebra, Ho a complex Hilbert space and A — > 
B(Ho) a unital completely positive map. Assume that \& is tracial, that is, 

*(a6) = *(6o), (a,beA). 

Then there exist a Hilbert space H, an isometry V : Ho — > H, and a unital * -representation 
p: Ga — > 13(H) such that 

*(o) = V*p(a- 1 )V (aeG A )- 
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Proof. First we sketch briefly how to find H and V according to the proof of the Stine- 
spring's theorem given in |Pa021 Theorem 4.1], for instance. 

Define a nonnegative sesquilinear form on A ® Ho by the formula 

n n n 

3=1 i=l «J = 1 

for all ai, . . . , a n , b\, . . . , b n € A, £i, . . . ,£ n ,r)i, . . . ,r] n G Ho and n > 1. Consider the 
linear space iV = {a; € A ® "Ho I I at) = 0} and denote by JCo the Hilbert space obtained 
as the completion of (A <£> Ho)/N with respect to the scalar product defined by (• | •) on 
this quotient space. Then denote by V : Ho — > /Co the bounded linear map obtained as 
the composition 

V: Ho -> A(g>H Q -> [A®Ha)/N /Co, 

where the first map is defined by A3h^\®h^A® Ho and the second map is the 
natural quotient map. It is readily seen that V is an isometry since "J is unital. 
Next we are going to construct p by linear maps on A® Ho- So define 

(Vx e A, a e Ga)(Vt? e H ) p(a)(x ® tj) = xaT 1 ® T). 

For ?/.; G A, i = 1, . . . , n, and b E A the following inequality between positive matrices 
in M n (A) holds: 

(ytVby^ < \\b*b\\ (yty^ ; (6.7) 

see [Pa02l p. 44]. 

Take then X{ <E A, £j £ "Ho, i — l,...,ra, and a € G^. Since ^ is tracial we have 
\E , (a~*x*a;ia~ 1 ) = *(xja^ 1 a _ *x*). Hence, 

n n n 

i=l j=l i,i=l 

n 

= E (tffoa-^-^ 1 e,) Wo 

1,3=1 

71 

n n 

i=l 3=1 

where, for the inequality, we have used (|6.7[) and the complete positivenes of ^. 

Thus in particular N is invariant under the action of p, so that the linear map p(a) 
extends to a linear map (which we continue denoting in the same way) on A x Ho defined 

by 

p(a) :i®(ei®H H xa" 1 <g> £ € A ® Ho , 

which extends in turn as a continuous linear mapping from H into itself because of the 
preceding inequality. 

Now, it is straightforward to check that the so defined map p: Ga B(H) is a *- 
representation, as well as that it satisfies the equation ^f(a) = V* p(a^ 1 )V ', (a G Ga)- □ 

Recall that if, instead of the inverse-right multiplication x <£> £ H> xa -1 ® £ in A Ho, 
one considers the left multiplication x <g> £ H> ax <£> £, a <G G^, then one gets precisely the 
Stincspring dilation A of ^ on H, which satisfies \&(a) = y*A(a)V for all a E A. 
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We call two-sided Stinespring representation of a tracial completely positive mapping 
'J: A — > B(H) the group representation a: Ga — > B(H) which is the composition of the 
above representations A and p: 

a(a) = X(a) o p(a) — p(a) o A(a) , (a G Ga)- 

Proposition 6.9. Suppose that 1 G B C A are C* -algebras with a conditional expectation 
E: A — >■ B and that there exists a tracial, unital completely positive map ^ : A — > B(Ho) 
satisfying o E = where Ho is a complex Hilbert space. Suppose also that there exists 
a conjugate-linear isometry Co : Ho — > Ho such that 

#(a*) = C o *(a) o C , (a G A). 

Denote by a a'- A — > B(Ha) an d &b- B — > B(Hb) the two-sided Stinespring representa- 
tions associated with $ and respectively. Let C: Ha — > Ha be the conjugate-linear 
isometry from Ha onto itself induced by the mapping 

a <g> / i-> a* (g) C {f), A®Ho^ A®Ho- 

Then Hb Q Ha, C(Hb) — Hb, and the kernel K a given, for u, v € Ga and f € Hb, 

by 

K a iuG B ,vG B )i[iv,f)]) := [(«, P« B (cr A (««-)/))] 
is self-involutive with respect to the involution tq in D a := Ga ^Gb^Hb defined as 

t c : [(a, h)\ h-> [(a"*, C/i)], (a eG A ,lie W fl ). 

Proof. In |BG08| Lemma 6.7], it has been proven that Hb Q Ha and that for every 
ho € "Ho and 6 G B we have the commutative diagrams 

A H A H A 

4 M 1 

where l^: A —> Ha is the map induced by a i— > a <E> /io. In fact, the commutativity of 
the right diagram is the simple part, and by a similar argument it can be shown that 
Ps{b) o P-h b = -Ph b ° Pb{o) for all 6 G £>. Having in mind that a — p o X we get the 
commutativity, for every & G B, of the diagram 

A _t5«L_> "Ha 

''w b | \ p n B 



B Hb Hb 

This enables us to conclude that the kernel K a is well defined. 

As for the definition of the isometry C we do observe that for a; G A, hi G Ho, with 
?' = 1, . . . , n, we have 

n n n 

C^a*®Cohi | J2 a j® c a h i)n« = (*( a K)Co^ | C hj) no 

i=l j=l »>j=l 



= (*«aj)Co^ I Coh 3 ) HQ = J2 (CoVitfaJhi \ C hj) Ho 

n n n 

= 52 ( h i I ®( a j a i) h i)u = (52 a i ® M X) a i ® ' 
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whence it follows that the antilinear mapping C : A <E> Ho — > A <g> Ho defined by the 
prescription a ® h \— > a* ® Co h is an isometry and leaves invariant the null subspace 
N :~ {a £ A <E> Ho '■ (a | a)^ — 0}. Thus it extends as a conjugate-linear isometry to 



To end the proof we are going to apply Proposition 16.51 so it only remains to show 
that (ta(o-~*) — C<ta(ci)C for each a G Ga- To do this, take / := (x <g> h) + N in H with 
x £ A and h £ Ho- Then, 



Remark 6.10. An example of the situation described in Proposition 16.91 occurs when ^ 
is a tracial state ip: A — ¥ C and C is taken as the conjugate mapping z £ C i— > z G C, 
since ip(a*)z = (p(a)z = Lp(a)~z for every a £ A and z £ C. Indeed, Proposition 16.91 is 
proved, for tracial states, in [BG1H Proposition 6.1 (d)]. 

Another example is obtained in the following way. Let Ho be a separable Hilbert space 
with orthonormal basis (e„)™ =1 . For i,j = 1, . . . take a family of tracial states of A, say 
(<Pij)- Put i/jij :— 2~( l+ ^/ 2 (pij, if i ^ j, and ipa := ipn, for all i. Then define the linear 
mapping <!> : A — > B(Hq) by the prescription 



To see that \E' is well defined notice that, for a £ A and diet — h £ Ho, we have 



ft. 



Ca A (a)Cf = (Ca A {a)C) ((x ® h) + N) 



= (Ca A {a)) {{x* ® C h) + N) 

= C{{ax* a" 1 ® Coh) + N) 

= {{ax* a- 1 )* ®h)+N = a A (aT*)f. 



Now the desired equality follows by linearity and density. 



□ 



(*(a)e J | e,-) := ip lj (a)ya £ A,Vi 




and therefore 



*(a)/i = ^ ip u (a)diei + ^ ^^ (a)^ e. t £ H 



oo oo 




where the series refer to convergence in Ho, as we claimed. 
Now, for a k £ A, h k = J2iLi dkj£j G Ho, with k = 1, . . . , N, 



N N oo 



XI (^( a *k a l) h l \ h k) = Y Y ^n( a l a i) d ijdki 




so ^ is completely positive. 

Let C be the antilinear isometry in Ho defined by 



oc 



oo 



C(h) := X djCj, if h = \_. dj e j G "Ho- 



i=i 3=1 
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Then, for a € A and h in Ho as above, 



oo / oo 



(c*{a)C)(h) = c\J2 taWi* = E 5>«(°H- 1 e ' 

= E (f>;( a *K) ei = *(a>. 
»=i \j'=i / 

Certainly, M := is not the identity operator on Ho- However this is not a serious 

problem. It happens that M is invertible since, for h in Ho as above, (M — id-u )h = 
ESi V'ij (l)dj)ej, whence 

OO 

||M-id Wo || <^2- 1 < 1. 
i=i 

Hence M is invertible. On the other hand, M is also positive. Using the functional 
calculus we obtain the square root \[M of M and it is also invertible. Set T := (\/M) _1 
and take ^(a) := T^(a)T. Since M is self-adjoint, T is also, hence \I> is completely 
positive. Since M commutes with C, T also commutes with C, so C^(a)C — \&(a*). 

(It is to be noticed that, in the above example, the property that ^(a*) = \&(a)* for 
all a & A, which follows automatically from the complete positivity of implies that the 
infinite coefficient matrix of 1 J r must be symmetric: 

For h = Y^iLidiZi, f = Y^JLi c j e j m ^0, and x e A, we have (\&(ar)/i | /) = 
Sij=i 4>ij(x)djCj whereas (\&(a;*)/i | /) = (/i | = ^2°^ j=1 ipij(x)diCj. hence, for 

every a e A, \I>(a*) = *(a)* implies that ipij(a*) = ipji(a) = ipji(a*), as we claimed.) 
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